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ABSTRACT

A graph is called a pseudoforest if none of its connected components contains more
than one cycle. A graph is an apex-pseudoforest if it can become a pseudoforest by
removing one of its vertices. We identify 33 graphs that form the minor obstruction set
of the class of apex-pseudoforests, i.e., the set of all minor-minimal graphs that are not
apex-pseudoforests.






XYNOYH

‘Eva ypaonpa aviket oty KA TV wevdodaomy av KABE GUVEKTIKY] GCUVIGTOGCO TOV
mePIEYEL TO TOAD €vav kOKAo. 'Eva ypdonpa eivon amdysio-ywevdodaoog av pmopel vo
petatpanel og Yevdoddcog pe v agaipeon piog kopveng. ‘Exovue evtomicetl o 33
YPOQTLLOTO, TO, OTTOL0, ATOTEAOVV TO ODVOAO TOPEUTOAIONS Y1 TV KAGOT] YPOONUAT®V
AOYELO-YEVOOJAOT], ONAODY TO EAMYIOTIKA YPAPNLOTO OG TPOS TNV OYECH TOV
eldooovog, Ta onoia dev ivar amdysia-yevdodao.
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CHAPTER 1

INTRODUCTION

All graphs in this thesis are undirected, finite, and simple, i.e., without loops or multiple
edges.

We say that a graph is planar if one can "draw" it in the plane without crossing edges.
In 1930, Kuratowski proved that a graph is planar if and only if it does not contain
K5 or K3 3 as a topological minor [27]. Moreover, according to Wagner-Kuratowski
theorem a graph is planar if and only if it does not contain K5 or K3 3 as a minor [47].
To elaborate, we say that a graph H is a minor of G if a graph isomorphic to H can
be obtained by some subgraph of G after applying edge contractions. This theorem
is not only a simpler characterization of planar graphs but also establishes a purely
combinatorial characterization of these instead of the current topological one. This
characterization is called Forbidden Minor Characterization. Does it hold that every
graph class has a Forbidden Minor Characterization?

Following Kuratowski's theorem Arhdeacon, Glover, Huneke, and Wang proved
that the class of projective planar graphs, i.e. the graphs that can be embedded in the
projective plane, has a Forbidden Minor Characterization which, in particular, consists
of 35 graphs [51] [3]. More generally, during the decade 1930-1940, Erdés conjectured
that for every (orientable or non-orientable) surface the class of graphs that can be em-
bedded in such surface has a Forbidden Minor Characterization. Towards a proofto this
conjecture, Arhdeacon and Huneke proved it for all non-orientable surfaces [50]. The
Erdds' conjecture was finally proved affirmatively by Robertson and Seymour, who
proved the more general conjecture, sometimes reffered as Wagner's conjecture.

Around 1970, it was conjectured that:

"The class of all graphs forms a well-quasi-ordering
with respect to the minor ordering."

Let us first define what a well-quasi-ordering is. We say that a partial-ordered space
(X, <) is called well-quasi-ordered if for every infinite sequence xg, 1 . .. of elements
in X there exists ¢ < j such that z; < x;. Observe that a partial-ordered space (X, <)
is well-quasi-ordered if and only if the following properties are satisfied:

* The space (X, <) does not contain infinite decreasing sequences.
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» The space (X, <) does not contain infinite anti-chains .

To answer our original question, let us introduce some further definitions. We say
that a graph class G is minor-closed if every minor of a graph in G is also a member of
G. Given a minor-closed graph class G, its minor obstruction set is defined as the set
of all minor-minimal graphs that are not in G and is denoted by obs(G).

Notice that the first condition of the well-quasi ordering is always satisfied as all
graphs considered are finite. Thus, Wagner's Conjecture only tells us that there are no
infinite anti-chains of graphs. Consider now a minor-closed family of graphs G and
observe that the set obs(G) is finite, as it forms an anti-chain. This set constitutes the
finite Forbidden Minor Characterization of the class G. Indeed, it is immediate from the
definition of the set obs(G) that a graph G is not in the class G if and only if it contains
as a minor a graph in the set obs(G). We derive the following direct corollary of this
conjecture:

"Every minor-closed family of graphs
has a finite Forbidden Minor Characterization."

A first step towards the proof of this conjecture was made by Kruskal. In 1937,
Andrew Vazsonyi conjectured the following:

"The class of all trees forms a well-quasi-ordering
with respect to the topological minor ordering."

This was proved by Joseph Kruskal in 1960 [48], using Kruskal's Tree Theorem. This
statement is a reformulation of Wagner's Conjecture for the class of trees, as in this class
the notions of minor and topological minor are equivalent.

The complete proof of Wagner’s Conjecture was given by Neil Robertson and Paul
Seymour [36]. The proof was given in Graph Minors, a seminal series of 23 papers
published in the period 1983-2004. This work not only lead to the proof of Wagner's
Conjecture but also introduced many notions and tools that had a deep impact in Graph
Theory and Combinatorics in general.

But, given a minor-closed graph class G is it possible to find its Forbidden Minor
Characterization? In other words, is there an algorithm that given a minor-closed graph
class G computes obs(G)? Unfortunately, the proof of Robertson—Seymour Theorem
is not constructive, as it essentially uses the non-constructive Axiom of Choice. In ad-
dition, it was shown by H. Friedman, N. Robertson and P. Seymour that this theorem
is independent from every constructive axiomatic theory [49] and thus any alternative
proof of Wagner's Conjecture would be non-constructive. Inevitably, we have to im-
provise for each and every graph class, or to find massive classification techniques in
order to enlarge the computability horizon of this theory.

In this thesis, we identify the obstruction set of apex-pseudoforests. A graph G
is a pseudoforest if every connected component of G contains at most one cycle. We
denote by P the set of all pseudoforests. It is easy to observe that pseudoforests form
a minor-closed graph class. Moreover, it holds that obs(P) = {K, , Z}, where K
is the diamond graph, i.e., the complete graph on 4 vertices minus an edge and Z is
the butterfly graph (also known as bow-tie or hourglass graph), obtained by the disjoint

! An anti-chain is a subspace of (X, <) where every two distinct elements are not related with respect to
<.



CHAPTER 1. INTRODUCTION

union of two triangles after identifying two of their vertices (see Figure 1.1). To see
why obs(P) = {K, , Z}, notice that these two obstructions express the existence of
two cycles in the same connected component of a graph.

¢ X

Figure 1.1: The graphs in obs(P). K, on the left and Z on the right.

A graph G is called apex-pseudoforest if it can become a pseudoforest after removing
one of its vertices. We denote this class by .A;(P). Notice again that A, (P) is also
a minor-closed family and so its obstruction set is finite. The goal of this thesis is to
determine exactly this, that is the set obs(A; (P)).

More generally, given a non-negative integer k and a graph class G, we say that a
graph G is a k-apex of G if it can be transformed to a member of G after removing at
most k of its vertices. We denote the set of all k-apices of G by A (G). Given a set of
graphs H we also denote by excl(#) the set containing every graph G that excludes all
graphs in ‘H as minors.

The problem of characterizing k-apices of graph classes, has attracted a lot of at-
tention, both from the combinatorial and algorithmic point of view. This problem can
be seen as a part of the wider family of Graph Modification Problems (where the mod-
ification is the removal of a vertex).

It is easy to see that if G is minor-closed, then .4 (G) is also minor-closed for every
k > 0. Therefore, obs(.A;(G)) can be seen as a complete characterization of k-apices
of G. The study of obs(.A(G)) when G is some minor-closed graph class has attracted
some special attention and can generate several known graph invariants. For instance,
graphs with a vertex cover of size at most k are the graphs in Ay (excl({K2})), graphs
with a feedback vertex set at most k are the graphs in Ay (exel({K3})), and k-apex
planar graphs are the graphs in Ay (excl({ K5, K33})).

The general problem that emerges is, given a finite set of graphs # and a positive
integer k, to identify the set

HE) .= obs( Ay (excl(H))).

A fundamental result in this direction is that the above problem is computable [2].
Moreover, it was shown in [20] that if # contains some planar graph, then every graph
in H*) has O(k™") vertices, where h is some constant depending (non-constructively)
on H. Also, in [43], it was proved that, under the additional assumption that all graphs
in  are connected, this bound becomes linear on k for the intersection of H(¥) with
sparse graph classes such as planar graphs or bounded degree graphs. An other struc-
tural result in this direction is the characterization of the disconnected obstructions in
H (%) in the case where H consists only of connected graphs [11].

An other direction is to study #(¥) for particular instantiations of 7 and k. In
this direction, {K>}*) has been identified for k& € {1,...,5} in [7], for k = 6
in [15] and for k = 7 in [14], while the graphs in {3} have been identified in [12]
for i € {1,2}. Recently, in [10], Ding and Dziobiak identified the 57 graphs in
{Ky, Kg’g}(l), i.e., the obstruction set for apex-outerplanar graphs, and the 25 graphs
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in {K }(Mi.e., the obstruction set for apex-cactus graphs [18]. Moreover, the prob-
lem of identifying { K5, K 3,3}(1) (i.e., characterizing 1-apex planar graphs -- also sim-
ply known as apex graphs) has attracted particular attention (see e.g., [30,31,42]). In
this direction, Mattman and Pierce conjectured that { K5, K 373}(") contains the YAY -
families of K, 45 and K3 3 1~ (that is the complete (n + 2)-partite graph where two
parts have three vertices and the rest n parts consist of a single vertex each) and pro-
vided evidence on this [32]. Moreover, in [32], they showed that |{ K, K3’3}(1)| >
150, [{Ks, K33} )| > 82, |{K5, K33}®)| > 601, [{K5, K33}*%| > 520, and
[{Ks5, K33}®)| > 608. Recently, Jobson and Kézdy [23] identified all graphs of con-
nectivity two in { K5, K3 3}(!), where they also reported that |{ K5, K3 3}(")| > 401.

More broadly, the study of obs(G) for distinct instantiations of minor-closed graph
classes is an active topic in graph theory (e.g., see [3--9, 11, 13--15,17,19,21--28, 30,
32--35,37--39,42], see also [1,31] for related surveys).

Let us now present our main result in a more explicit way. Let O°, O', O2, O3 be
the sets of graphs depicted in Figures 1.2, 1.3, 1.4, 1.5, respectively. Notice that, for
every i € {0, 1,2, 3}, the graphs in O° are all i-connected but not (i + 1)-connected.

The central theorem of this thesis is the following:

Theorem 1.0.1. obs(A;(P)) = O° U0t UO? U O3.

v X X
¢ X ¢

@0 (03 ()03
Figure 1.2: The set O of obstructions for .A; (P) with vertex connectivity 0.
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Figure 1.3: The set O! of obstructions for A; (P) of vertex connectivity 1.
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Figure 1.4: The set O? of obstructions for A; (P) with vertex connectivity 2.
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Figure 1.5: The set O2 obstructions for .A; (P) with vertex connectivity 3.

We set O = O°UO'UO?UO3. Notice that since O3 = K3 3 and O3 is a subgraph
of K, all graphs in O \ {O3, O3} are planar. For the proof of Theorem 1.0.1, we first
note, by inspection, that obs(.A; (P)) 2 O. As such an inspection might be quite tedious
to do manually for all the 33 graphs in O, one may use a computer program that can do
this in an automated way (see www.cs.upc.edu/~sedthilk/oapf/ for code in SageMath
that can do this). The main contribution of the paper is that O is a complete list, i.e.,
that obs(A1(P)) C O.

Our proof strategy is to assume that there exists a graph G € obs(A; (P)) \ O and
gradually restrict the structure of G by deriving contradictions to some of the conditions
of the following observation.

Observation 1.0.2. If G € obs(A;(P)) \ O then G satisfies the following conditions:
L. G & A(P),
2. if G’ is a minor of G that is different than G, then G’ € A;(P), and
3. none of the graphs in O is a minor of G.

The rest of the thesis is dedicated to the proof of Theorem 1.0.1 and is organized
as follows. In Chapter 2 we give the basic definitions and some preliminary results.
In Chapter 3 we prove some auxiliary results that restrict the structure of the graphs in
obs(A; (P)) \ O. In Chapter 4 we use the results of Chapter 3 in order to, first, prove
that graphs in obs(.A; (P)) \ O are biconnected (Lemma 4.1.7) and, next, prove that the
graphs in obs(.A; (P))\ O are triconnected (Lemma 4.2.3). The proof of Theorem 1.0.1
follows from the fact that every triconnected graph either contains a graph in O2 or it
is a graph in A; (P) (Lemma 2.0.8, proved in Chapter 2).


http://www.cs.upc.edu/~sedthilk/oapf/




CHAPTER 2

LDEFINITIONS AND PRELIMINARY RESULTS

Sets and integers. We denote by N the set of all non-negative integers and we set
Nt = N\ {0}. Given two integers p and g, we set [p,q] = {p,...,q} and given a
k € N* we denote [k] = [1, k]. Given a set A, we denote by 2 the set of all its subsets
and we define (5) := {e | e € 24 A |e| = 2}. If S is a collection of objects where the
operation U is defined, then we denote S = | cs X

Graphs. Given a graph G, we denote by V (G) the set of vertices of G and by E(G) the
set of the edges of G. For anedge e = {z,y} € E(G), we use instead the notation e =
xy, that is equivalent to e = yx. Given a vertex v € V(G), we define the neighborhood
ofvas Ng(v) = {u | u € V(G), {u,v} € E(G)} and the closed neighborhood of v as
Nglv] = Ng(v) U{v}. If X C V(G), then we write Ng(X) = (U,cx Na(v)) \ X.
The degree of a vertex v in G is defined as deg.(v) = |Ng(v)|. We define §(G) =
min{deg.(z) | z € V(G)}. Given two graphs G1, G2, we define the union of G1, G2
as the graph G; U G2 = (V(G1) UV (G2), E(G1) U E(G2)) and the intersection of
G1,Gs as the graph G N Gy = (V(G1) NV (Gs), E(G1) N E(G2)). A subgraph of
a graph G is every graph H where V(H) C V(G) and E(H) C E(G).If S C V(G),
the subgraph of G induced by S, denoted by G[S], is the graph (S, E(G) N (3)). We
also define G \ S to be the subgraph of G induced by V(G) \ S. If S C E(G), we
denote by G\ S the graph (V(G), E(G) \ S). Given a vertex € V(G) we define
G\z =G\ {z} and given an edge ¢ € E(G) we define G\ e = G \ {e}.

Paths and separators. If s,¢ € V(G) are two distinct vertices, an (s, t)-path of G is
any connected subgraph P of G with maximum degree at most 2, where degp(s) = 1
and degp(t) = 1. If s € V(G), an (s, s)-path of G is the subgraph of G consisting of
the single vertex s. The distance between s and ¢ in G is the minimum number of edges
ofan (s, t)-pathin G. Given a path P, we say thatv € V' (P) is an internal vertex of P if
deg,(v) = 2, whileifdeg, (v) = 1 we say that v is a terminal vertex of P. We say that
two paths P, and P in G are internally vertex disjoint if none of the internal vertices
of the one is an internal vertex of the other. Given an integer k and a graph G, we say
that G is k-connected if for each {u,v} € (V(QG)), there exist k pairwise internally
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vertex disjoint (u,v)-paths of G, say Py, ..., Py, such that for each {i,j} € ([g]),
P, # P;, V(P;) NV (P;j) = {u,v}. We call 2-connected graphs biconnected and 3-
connected graphs friconnected. Given a set S C V(G), we say that S is a separator
of G if G has fewer connected components than G \ S. We call a separator of size k a
k-separator. Notice that, by Menger's theorem, a graph is k-connected iff it does not
contain a separator of size less than k.

We say that e € E(Q) is a bridge if G has fewer connected components than G \ e.
A graph that does not contain any bridge is called bridgeless. A block of a graph G is
either a bridge or a maximal biconnected subgraph of G. A block of a graph G is called
non-trivial if it is not a bridge.

A vertex v € V(QG) is a cut-vertex of G if {v} is a separator of G. We also say that
S is a rich separator if G\ S has at least 2 more connected components than G.

Special graphs. By K, we denote the complete graph on r vertices. Similarly, by
K., r, we denote the complete bipartite graph of which one part has r; vertices and the
other 7. We denote by K~ the graph obtained by K. after removing any edge.

For anr > 3, we denote by C'. the connected graph on 7 vertices of degree 2 (i.e.,
the cycle on r vertices). If G is a graph and C' is a subgraph of G isomorphic to C,. for
some r > 3, then an edge e = {u,v} € E(G) \ E(C) where u,v € V(C) is called
chord of C.

Forr > 3, the r-wheel, denoted by W,., is the graph obtained by adding a new vertex
Unew, called the central vertex of W,., to C,. along with edges, called spokes, connecting
each vertex of C,. with vpey. The subgraph W, \ vyey is called the circumference of W,.

We denote by Z the butterfly graph, that is the graph obtained by the disjoint union
of two K5 after identifying two of their vertices (see rightmost figure of Figure 1.1).

A graph G is outerplanar if it can be embedded in the plane so that there's no cross-
ing edges and all its vertices lie on the same face. It is known that the obstruction set
of the class of outerplanar graphs is { K 3, K4 }. The outer face of such an embedding
contains every vertex of G. Thus, we can observe the following:

Observation 2.0.1. If G is biconnected and outerplanar then G contains a Hamiltonian
cycle, i.e. a cycle that contains every vertex of G.

Minors and topological minors. We define G/e, the graph obtained from the graph
G by contracting an edge e = xy € F(QG), to be the graph obtained by replacing the
edge e by a new vertex v, which becomes adjacent to all neighbors of z, y (apart from
y and x) and deleting vertices x,y. Given two graphs H and G we say that H is a
minor of G, denoted by H < G, if H can be obtained by some subgraph of G after
contracting edges.

Given a set ‘H of graphs, we write H < G to denote that there exists an H € H
such that H < G and we defined excl(H) = {G | H £ G}. If H £ G, then we say
that G is H-minor free, or, in short, H-free. Also, given a graph G and a set of graphs
‘H we say that G is H-free if it is H-free, for each H € H. Given a graph class G we
say that G is minor-closed if for every graph H such that H < G and G € G, it holds
that H € G. We also define obs(G) as the set of all minor-minimal graphs that do not
belong in G and we call obs(G) the obstruction set of the class G.
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CHAPTER 2. DEFINITIONS AND PRELIMINARY RESULTS

If e = zy is an edge of a graph G then the operation of replacing e by a path of
length 2, i.e two edges {x, v. }, {ve, y}, where v, is a new vertex, is called subdivision
of e. A graph G is called a subdivision of a graph H if G can be obtained from H
by repeatedly subdividing edges, i.e. by replacing some edges of H with new paths
between its endpoints, so that the intersection of any two such paths is either empty
or a vertex of H. The original vertices of H are called branch vertices, while the new
vertices are called subdividing vertices. 1f a graph G contains a subdivision of H as a
subgraph, then H is a topological minor of G. It is easy to see that if H is a topological
minor of G then it is also a minor of G.

Let GG be a subdivision of some wheel W,.. In keeping with the notation previously
introduced for wheels, we define the spokes of G to be the paths of G produced by the
subdivision of the spokes of W,. and similarly we define the circumference of G to be
the cycle of G produced by the subdivision of the circumference of W,..

The following is an easy consequence of Dirac's Theorem [16], stating that if
0(G) > 3, then G contains K4 as a minor.

Proposition 2.0.2. Let G be a biconnected outerplanar graph with at least 3 vertices.
Then there exist at least two vertices of G of degree 2.

Triconnected components. Let ¢ € NT. Let G be a graph and S C V(G) and
let V1,...,V, be the vertex sets of the connected components of G \ S. We define
C(G,S) ={G1,...,G4} where, for i € [q], G; is the graph obtained from G[V; U 5]
if we add all edges between vertices in S. We call the members of the set C(G, S)
augmented connected components. Given a vertex z € V(G) we define C(G,z) =
C(G,{x}).

It is easy to observe the following:

Observation 2.0.3. Let G be a biconnected graph and S be a 2-separator of G. Then
every H € C(G, S) is biconnected.

To get some intuition why the above observation holds, we set S = {z,y} and
notice that, for every pair u, v of vertices of H \ S, among two vertex-disjoint (u, v)-
paths in GG, at most one “‘exits" H and this path can be *‘represented" by the edge xy
of H.

Given a graph G, the set Q(Q) of its triconnected components is recursively defined
as follows:

+ If G is triconnected or a complete graph on at most 3 vertices, then Q(G) = {G}.
« If G contains a separator S where |S| < 2, then Q(G) = UHGC(G,S) Q(H).

Notice that all graphs in Q(G) are either complete graphs on at most 3 vertices or
triconnected graphs (graphs without any separator of size less than 3). The study of
triconnected components of plane graphs dates back to the work of Saunders Mac Lane
in [29] (see also [41]). He also proved that the set Q(G) is uniquely determined (up to
isomorphism), although different choices of the 2-separators may have been chosen in
its recursive definition.

Observation 2.0.4. Let G be a graph. All graphs in Q(G) are topological minors of G.

9



Let G be a graph and v € V(G) where deg,(v) > 4. Let also P, = {A, B} be a
partition of N (v) such that |A|, |B| > 2. We define the P,-split of G to be the graph
G’ obtained by adding, in the graph G \ v, two new adjacent vertices v4 and vp and
making v 4 adjacent to the vertices of A and vp adjacent to the vertices of B. If G’ can
be obtained by some P,-split of G, we say that G is a splitting of G.

Observation 2.0.5. If G' is a splitting of G then G is a minor of G

Proposition 2.0.6 (Tutte [40]). 4 graph G is triconnected if and only if there is a se-
quence of triconnected graphs Gy, . . . , G4 such that Gy is isomorphic to W, for some
r > 3,Gq = G, and fori € [q|, G; is a splitting of G;_1 or there exists an e € E(G;)
such that G,_1 = G; \ e.

The next proposition is a direct consequence of Observation 2.0.4 and Proposi-
tion 2.0.6.

Proposition 2.0.7. Let G be a graph. K, £ G if and only if none of the graphs in
Q(Q) is triconnected.

Lemma 2.0.8. If G is a triconnected graph that is not isomorphic to W, for every
r >3, then O3 < G.

Proof. Let G be a triconnected graph not isomorphic to a wheel. By Proposition 2.0.6,
there exists a sequence of graphs

W, =Go,G1,...,Gg=G

for some > 3, such that for every i € [¢], G; is a splitting of G;_; or there exists an
edge e € E(G;) such that G;_1 = G; \ e. Observe that, since G % W,., we have that
q > 1. Also observe that 7 > 4, since if » = 3 then ¢ = 0 due to the fact that none of
the vertices of W3 can be split and all of them are adjacent to one another.

Let now z be the central vertex of W, and C,, = W,. \ z. We examine how the
graph G; may occur from W,.. For that, we distinguish the following two cases and our
strategy, in both cases, is to prove that O3 < G.

Case 1: There exists an edge e € E(G1) such that W,. = G; \ e. Let e = uv for some
u,v € V(G1) = V(W,). Since every vertex in V' (C,) is in the neighborhood of z in
W, then v # z and v # z. Now, since u, v are not adjacent vertices in W, there exists
an internal vertex in each of the two (u, v)-paths of the graph C,., say z, y, respectively
(see Figure 2.1). Therefore, by contracting each of the (x, u), (z,v), (y, v), (y, u)-paths
of C,. to an edge we get O3 as a minor of G;. Now, by Observation 2.0.5, G is a minor
of G and therefore O3 < G.

Figure 2.1: The structure of the graph G in Case 1.
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CHAPTER 2. DEFINITIONS AND PRELIMINARY RESULTS

Case 2: (1 is a splitting of W,.. Observe that GG; is a splitting of W,. obtained by a
P.-split. So, let P, = {A, B} and v, vp the new adjacent vertices of Gy, where
Ng,(va) = A and Ng,(vg) = B. We have that |A|,|B| > 2 and so there exist
x1,y1 € A and 2, y2 € B. We now distinguish the following subcases:

Subcase 2.1: One of the two (21, y1)-paths in C,. contains both of x5, y2 (see leftmost
figure of Figure 2.2). This implies that O < G and, as in case 1, it follows that
03 <@G.

Subcase 2.2: Each one of the two (1, y1)-paths in C,. contains exactly one of za, y2
(see rightmost figure of Figure 2.2). This implies that O3 < G and, as in case 1, it
follows that O3 < G.

L1 -~77~4 X2 X1 -~"7~8 X2
A A
7 \ ’ \
1 \ 1 \
, \ , 21 Z2 \
1 1
\ 21 22 K \ ;
A / A /
Y1 ~o__-7 Y2 Y2 ~__-" U1

Figure 2.2: The structure of the graph G in the two Subcases of Case 2.
Since we have exhausted all possible cases for G; we conclude that 03 < G. O

Disconnected obstructions. We now prove that every disconnected graph in
obs(A;(P)) isin O°.

Lemma 2.0.9. IfG € obs(A;(P)) \ O, then G is connected.

Proof. Suppose, to the contrary, that G is not connected. Notice that, since G & A;(P),
there exists a connected component H of G that contains at least two cycles. Also notice
that, due to {OY, 09, 09 }-freeness of G, H is the unique connected component of G
that contains at least two cycles. Now, since G is not connected, H is a minor of G
that is not isomorphic to G. This together with the fact that G € obs(.A;(P)) implies
that H € A;(P) and therefore there exists a vertex v € V(H) such that H \ v € P.
But then, since every connected component of G different than H contains at most one
cycle, we have that G \ v € P which implies that G € A;(P), a cotnradiction. O
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CHAPTER 3

STRUCTURE CHARACTERISATION OF
OBSTRUCTIONS

By Lemma 2.0.9, we know that a graph G € obs(A;(P)) \ O should be connected. In
this section we prove a series of lemmata that further restrict the structure of the graphs

in obs(A;(P)) \ O.

3.1 General properties of the obstructions

Given a graph G and a vertex v € V(G) we say that v is simplicial if G[Ng(v)] is
isomorphic to K, for r = deg (v).

Given a graph class G, a graph G, and a vertex x, where G \ « € G, then we say
that x is a G-apex of G.

Lemma 3.1.1. IfG € obs(A;(P)) \ O then
1. 6(G) > 2,
2. G is bridgeless, and
3. all its vertices of degree 2 are simplicial.

Proof. (1) Consider a vertex v € V(G) with deg(u) < 2. If G\ u € A;(P), then
also G € A;(P), since u does not participate in a cycle, a contradiction.

(2) Consider an edge e = xy that is a bridge of G. By Lemma 2.0.9, G is connected.
Since e is a bridge, then G \ e contains two connected components Hy, Hs, such that
x € V(Hy) and y € V(Hy). Observe that by O"-freeness of G, one of Hy, H», say
H,, contains at most one cycle.

Consider the graph G’ = G//e and let v, be the vertex formed by contracting e. We
denote Hy, H/, the graphs obtained from H;, H by replacing the vertices z, y with v,,
respectively. Observe that H| also contains at most one cycle. By minor-minimality of
G, it follows that G’ € A; (P) and therefore there exists some u € V(G’) that is a P-
apex of G'. So, ifu € V(H{) then v is also a P-apex of G’. Therefore we consider the

13



3.2. PROPERTIES OF OBSTRUCTIONS CONTAINING A K4

case that u € V (H}). If u = v, then every connected component of HJ \ v, contains
at most one cycle. Since H) \ v, = Ha \ y, it follows that every connected component
of G'\ y contains at most one cycle, a contradiction. In the case that u # v. we consider
the augmented connected component Q' € C(G’, u) that contains v, and observe that,
since u is a P-apex of G’, Q' contains at most one cycle. This implies that if ) is the
augmented connected component of C(G, u) that contains e, then @ also contains at
most one cycle. The latter, together with the fact that C(G', u) \ {Q'} = C(G,u) \{Q}
implies that G \ u € P, a contradiction.

(3) Suppose, to the contrary, that there exists a non-simplicial vertex v € V(G) of
degree 2, and let e € E(G) be an edge incident to v, i.e. e = uwv for some u € V(G).
By minor-minimality of G, we have that G’ := G/e € A;(P). Let x be an P-apex
vertex of G’ and v, the vertex formed by contracting e. Observe that, every cycle in
G that contains v also contains u and so if x = v, then u is an P-apex vertex of G,
a contradiction. Therefore, * # v, and so z € V(G). Since v is a non-simplicial
vertex, the contraction of e can only shorten cycles and not destroy them. Hence, z is
an P-apex vertex of (G, a contradiction. O

For a graph G € obs(A4;(P)) \ O, observe that, due to Lemma 3.1.1, all of its
connected components and blocks contain a cycle. Therefore, for the rest of the paper,
we always assume that blocks are non-trivial. Moreover, for such G, all graphs in Q(G)
are either triconnected or isomorphic to K.

3.2 Properties of obstructions containing a i,

We now prove some results which will be useful in the main section of the proof.

Lemma 3.2.1. If G is a biconnected graph such that O £ G, then there exists at most
one triconnected graph in Q(G).

Proof. Suppose, to the contrary, that there are at least two triconnected graphs in Q(G)
and let Hy, Hy be two of them. Due to the recursive definition of Q(G) and by Ob-
servation 2.0.4, there exists a separator S such that H,, H, are topological minors of
some G1,G3 € C(G, S), respectively. By the biconnectivity of G we have that S is a
2-separator of G. Let S = {x,y}. Since H;, H are triconnected graphs and topologi-
cal minors of G, Lemma 2.0.8 implies that each H;, ¢ € [2] is isomorphic to a wheel.
Thus, K is a topological minor of both H; and Ho.
Let Ry, Ro be the subdivisions of K4 in G, G5, respectively.

Claim: For each G;,i € {1,2}, there is a subgraph Q; of G; such that the following
hold:

1. Q); is a subdivision of K4 and

2. there exists an edge e of K4 such that x and y are vertices of the path of Q;
corresponding to e.

Proof of Claim: Leti € {1,2}. By Menger's theorem, there exist two disjoint paths
from the separator S to R;. Let P, P’ be the shortest such paths. Now, let RZT" be
the graph R; U P U P’ U {{xz, y}, {xy}}, that is the graph R; together with the paths
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CHAPTER 3. STRUCTURE CHARACTERISATION OF OBSTRUCTIONS

P, P" and the edge zy. Clearly, R;-" is a subgraph of G;;. We now describe how to
obtain a graph Q; that is a subgraph of R;" and is a subdivision of K4, where the path
PUP U{{z,y},{xy}} is a subdivided edge of K.

Let z, 2’ be the vertices of R; that are endpoints of P, P’ respectively. For every
edge e of K4, let P, be the path of R; corresponding to e.

We distinguish the following two cases based on whether every (z, z’)-path in R;
contains a branch vertex as an internal vertex or not.

Case 1: There is a (z, z')-path in R; such that none of its internal vertices is a branch
vertex of K.

In this case, there exists a subdivided edge e of K4 such that z, 2’ are vertices of
P.. We set QQ; to be the graph obtained from R;r by removing all internal vertices of
the (z, z’)-subpath of P, (see Figure 3.1).

Figure 3.1: The graph R in the case where there is a (z, 2/)-path in R; such that none
of its internal vertices is a branch vertex of K. The graph @); is obtained from R;-" after
removing all internal vertices of the grey dashed path.

Case 2: Every (z, z')-path in R; contains a branch vertex as an internal vertex.

In this case, one of z, 2/, say z, is a subdividing vertex of K. Let e be the subdivided
edge of K, that contains z. Notice that 2’ is either a vertex of P.,, where ¢’ is the edge
of K4 such that ene’ = (), or an internal vertex of P, where ¢” is an edge of K4 such
that [ene’| = 1.

If 2’ is a vertex of P,/, where ¢’ is the edge of K4 such that e N e’ = (), then let
w be an endpoint of P, such that w # 2z’ and let (Q; be the graph obtained from R?‘
by removing all internal vertices of the (2, w)-subpath of P,/ (see leftmost figure of
Figure 3.2).

If 2 is an internal vertex of P, where e” is an edge of K, such that [eNe’| = 1,
let w € V(R;) be the common endpoint of P, and P,/ and let ); be the graph obtained
from R;‘ by removing all internal vertices of the (z,w)-subpath of P, (see rightmost
figure of Figure 3.2).
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Figure 3.2: The graph R in Case 2. In both figures, the graph Q; is obtained from R}
by removing all internal vertices of the grey dashed path. The branch vertices of (); are
depicted in red.

Notice that, in all cases above, we obtain a graph @); that is a subgraph of GG; and is
a subdivision of K, where the path P U P’ U {{xz,y}, {zy}} is a subdivided edge of
K,. Claim follows.

Therefore, by applying the above Claim for both G1, G2, and after contracting all
edges of Q;,4 € {1, 2} that are incident to vertices of degree two in Q;,¢ € {1, 2}, we
get O as a minor of G, a contradiction. O

The results of Lemma 2.0.8 and Lemma 3.2.1, together with Observation 2.0.4 and
Proposition 2.0.7 imply the following corollary:

Corollary 3.2.2. Let G be a biconnected graph such that O % G and K4 < G. Then
there exists a unique triconnected graph H in Q(G) such that:

* H is isomorphic to an r-wheel for some v > 3 and
* H is a topological minor of G.

Let G be a biconnected graph such that O £ G and K4, < G and let K be a
subdivision of the (unique) r-wheel H € Q(G), as in Corollary 3.2.2. We call the
pair (H, K) an r-wheel-subdivision pair of G. Notice that there may be many r-wheel-
subdivision pairs in GG, as there might be many possible choices for K, but there is only
one choice for H.

Lemma 3.2.3. Let G be a biconnected graph such that K4 < G and O £ G. Let
(H, K) be an r-wheel-subdivision pair of G. Then for every x,y € V(K) and every
(x,y)-path that intersects K only in its endpoints, there exists an edge e € E(H ) such
that x,y are both vertices of the subdivision of e in K.

Proof. Recall that H is isomorphic to an r-wheel for some > 3, and K is a subdivision
of H. Consider an (z, y)-path that intersects K only in its endpoints. Suppose, to the
contrary, that =, y belong to subdivisions of different edges of H. We distinguish the
following cases:

Case 1: One of z, y, say x, is a branch vertex on the circumference of K.

First, we observe the following:
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Observation 1: r # 3. Indeed, if H = W3, then since y belongs to the subdivision of
an edge of H not incident to x, a subdivision of a bigger wheel would be formed with
as its central vertex (see Figure 3.3), a contradiction to the definition of the triconnected
components.

Figure 3.3: The (x,y)-path (depicted in blue) where y belongs to the subdivision of
some edge of H not incident to = (depicted in red) in the proof of Observation 1.

Suppose then that » > 4. Let x1, x2 be the vertices adjacent to x on the circumfer-
ence of H. We distinguish the following subcases:

Subcase 1.1: y belongs to the subdivision of some spoke e of H. Then, e is not incident
to x. If y is an internal vertex of the subdivision of a spoke incident to either 1 or x5
then O} < G (see leftmost figure of Figure 3.4), while if the spoke is not incident to
x1 or x5 then OF < G (see central figure of Figure 3.4), a contradiction in both cases.

Subcase 1.2: y belongs to some subdivided edge e of the circumference of K. Then, e
is different from the subdivided edges corresponding to xz;, xzs. Hence, Og < G (see
rightmost figure of Figure 3.4), a contradiction.

Xz X x
B SN JERE RN Lo
1 ~ | N \ N
. 1 \\ N . [N N . N N
’ 1 \ \ ’ 1 \ ’ 1 v
! ! 1 \ ! ! : \ ! 1 v
" » e - e o \ -
11‘————-#——-0——,12 Ll‘————+—k——,$2 ll‘————+———l—,12
\ 1 y 1 \ 1 ,I 1 \ 1 [
AY AY AY
\ : ,I \ y+/ ,I \ : I,I
N | d N | d N |
Se e Se e Se .Y
b i b i b i

Figure 3.4: Possible configurations of the (z, y)-path (depicted in blue) in the proof of
Subcases of Case 1.

Case 2: One of z, y, say x, is a subdividing vertex on the circumference of K.

Since we have examined the case that one of x, y is a branch vertex on the circum-
ference of K, suppose that y is not such.

Let e = uw be the edge of H whose the corresponding subdivision in K contains
x.

Observation 2: y is not the central vertex of H. This is because, if otherwise, a subdivi-
sion of a bigger wheel would be formed in G (see Figure 3.5), which is a contradiction
to the definition of the triconnected components.
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Figure 3.5: The («, y)-path (depicted in blue) in the proof of Observation 2, where y is
the central vertex of H.

Subcase 2.1: y is an internal vertex of some subdivided edge ¢’ of a spoke of K. If ¢/
is incident to either u or v, then OF < G (see leftmost figure of Figure 3.6), while if
e’ is not incident to either u or v then O3 < G (see central figure of Figure 3.6)), a
contradiction in both cases.

Subcase 2.2: y is an internal vertex of some subdivided edge of the circumference of
K different from e. Then O3 < G (see rightmost figure of Figure 3.6), a contradiction.

- O < - 05 < - O <
e N Pie NN Pl O~o
4 \ N ’ \ . 4 SRR
U U U
\ \ \
uf o w0 us__
LN - \ ! ~ a7 \ ! ~ PRGN
h ~o -y h ~ - \ h ~ecT
| A . | \ AV | v
\ 1 1 \ N, 1 \ 1 ()
\ 1 ’ \ *z ’ \ 1 [
\ ’ \ ’ \ ’
N ! , N y . N ! é
S ! e S ! e RS ! e
-e- - .- - .-

Figure 3.6: Possible configurations of the (z, y)-path (depicted in blue) in the proof of
Subcases of Case 2.

Case 3: Both of z,y are internal vertices of the subdivisions of some spokes e, e’ of
W, respectively.

Figure 3.7: The («, y)-path (depicted in blue) in the proof of Case 3.

In this case, e, ¢’ are distinct and so O3 < G (see Figure 3.7), a contradiction. O

We can now define the notion of a flap. Let G be a biconnected graph such that
O & Gand K4 < G. Letalso (H, K) be an r-wheel-subdivision pair of G. For every
2-separator S C V(K) of G, the flap of (H, K') of base S is the subgraph of G defined
as F=U{C € C(G,S) : K4 £ C and C is biconnected} if V(F) # (). If V(F) = 0,
then the flap of base S is not defined. Observe that every 2-separator S C V(K) of
G defines at most one flap of (H, K) of base S. The (x,y)-flap of (H, K), for some
2-separator {z,y} C V(K), is the flap of (H, K) of base {z, y}.
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Given an (z,y)-flap F of (H, K) and a vertex v € V(F), we say that F' is v-
oriented if every cycle of F' contains v.

Regarding the arguments in the remaining part of Section 3.2, consider a graph
G € obs(A;(P)) \ O such that Ky < G. Observe that K4 is a minor of a block B of
G and therefore we can consider an r-wheel-subdivision pair of B.

Lemma 3.24. Let G € obs(A;(P)) \ O such that K4 < G and (H,K) be an r-
wheel-subdivision pair of a block B of G. If F'is an (x,y)-flap of (H, K), then it holds
that:

1. Fis biconnected,
2. GIV(F)] contains a cycle, and

3. there exists an edge e € E(H) such that x,y are both vertices of the subdivision
ofein K.

Moreover, if Fy, Fy are flaps of (H, K) whose bases are S1, Sy respectively, where
St 75 So, then V(Fl) N V(Fg) C5.N8,.

Proof. (1) and (2) are direct consequences of the definition of the (x, y)-flap and
Lemma 3.1.1.

To prove (3), consider an (z,y)-flap F' of (H, K). Then, from the definition of F,
there exists a biconnected graph C' € C(G, {z,y}) such that K4y £ C and hence it
contains an (z, y)-path that intersects K only in its endpoints. Therefore, Lemma 3.2.3
implies (3).

It remains to prove that if F}, F» are flaps of (H, K) whose bases are S, Sy re-
spectively, where S; # Sa, then V(Fy) NV (Fy) C S1 N S,. First, we observe that
for every i € [2], V(F;) N V(K) C S;. Now, suppose, towards a contradiction, that
there exists a C' € C(G, S1) such that K4 £ C, C is biconnected, and C'\ Sy contains
a vertex x of Fy. Since S7 # Sa, we have that S; N Se C Ss. This, together with the
fact that F' is biconnected implies that there is a path in F» \ (S; N S3) that connects x
with a vertex v € So \ S1 C V(K). Therefore, v is a vertex of (C'\ S1) N V(K), a
contradiction to the fact that V(Fy) NV (K) C 5. O

We conclude this subsection by proving the next results concerning flaps:

Lemma 3.2.5. Let G be a biconnected graph such that O £ G and K4 < G and let
(H, K) be an r-wheel-subdivision pair of G. Then every (x,y)-flap F of (H,K) is
either x-oriented or y-oriented.

Proof. Consider an (z, y)-flap F of (H, K) for which the contrary holds. We distin-
guish the following cases:

Case 1: There exists a cycle C in F disjoint to both  and y. Then, since by
Lemma 3.2.4(1), F is biconnected, there exist two disjoint paths P;, P, connecting the
cycle C with z, y, respectively. Hence, by contracting all the edges of P;, P, we form
O3 as a minor of G, a contradiction (see Figure 3.8).
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Figure 3.8: An example of an (z,y)-flap that contains a cycle disjoint to x, y in the
proof of Case 1.

Case 2: There exists a cycle C of F that contains  but not y and a cycle C” that contains
y but not . Then, if C, C” are disjoint, O1 < G, if the share only one vertex, 0% < G,
and if they share more than one vertex, Of < @, a contradiction in all cases (see figure
Figure 3.9).
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\ \ \
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22 22 22

Figure 3.9: The ways C, C’' may intersect in the proof of Case 2.

We arrived at a contradiction in both cases. Hence, Lemma follows. O]

Lemma 3.2.6. Let G € obs(A;1(P)) \ O such that Ky < G and let (H,K) be an
r-wheel-subdivision pair of a block B of G. Then if v > 4, the center of K is a P-apex
vertex of B.

Proof. We start with the following claim:

Claim: For every (z,y)-flap of (H, K), one of x,y is the centre of K.

Proof of Claim: Let F be an (x,y)-flap. Lemma 3.2.4(3) implies that there exists an
edge e of H such that z, y are vertices of the subdivision of e in K. Suppose, towards
a contradiction, that neither of x, y is the center of K. If e is in the circumference of
H then, since by Lemma 3.2.4(1),(2), F is biconnected and G[V (F')] contains a cycle,
03 < @ (see left figure of Figure 3.10), while if e is a spoke of H, then, similarly,
O} < G (see right figure of Figure 3.10), a contradiction in both cases.
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Figure 3.10: Possible configurations of an (x, y)-flap (depicted in green) in the proof
of Observation.

Let now z be the centre of K. According to the above Claim, every flap of (H, K)
isa (z,y)-flap. It also holds that every (z, y)-flap F' is z-oriented. Indeed, if otherwise,
then Lemma 3.2.5 implies that there would exist a cycle in F' containing y but not z
and hence Oi < @G, a contradiction.

Therefore, taking into account that B is a block of G, and, due to Lemma 3.2.1, H
is the unique triconnected graph in Q(G), we derive that every cycle in B, except for
the circumference of K, contains z and so z is a P-apex vertex of B. O

3.3 Properties of obstructions containing a /{3

The purpose of this section is to prove Lemma 3.3.5 that gives us some information on
the structure of a connected graph G such that O ﬁ G, Ky ﬁ G,and Ky 3 < G.

Let S be a 2-separator of G and B be a (non-trivial) block of some H € C(G, S).
We say that B is an S-block of G if S C V(B). Also, if S is a rich 2-separator and at
least three graphs in C(G, S) contain S-blocks, we call S a b-rich separator. We say
that a b-rich separator S of G is nice if for every H € C(G, S) that contains an S-block,
it holds that the graph G[V' (H)] contains a cycle.

We start with an easy observation.

Observation3.3.1. Let G be a K4-free graph such that K5 3 < G. Then the connectivity
of GG is at most 2 and G contains a b-rich separator.

We now prove the following:

Lemma 3.3.2. Let G € obs(A;(P)) \ O be a graph. Every b-rich separator of G is
nice.

Proof. Let S = {x,y} be a b-rich separator of G. Suppose that S is not nice. Then,
there is an H € C(G, S) that contains an S-block and the graph G[V (H)] does not
contain a cycle. Given that H contains an S-block, there is a biconnected graph that is
a subgraph of H and its vertex set contains « and y. Therefore, H contains an (x, y)-
path P that does not contain the edge xy (which, by definition of C(G, S), is an edge
of H). Notice that P is also a subgraph of G[V (H)].

We claim that for every internal vertex v of P, it holds that deg(v) = 2. To see
why this holds, first observe that deg, (v) > degp(v) = 2 and, suppose towards a con-
tradiction, that there is a third neighbor u € V(G) of v. Observethatu € V(H)\V (P),
since ifu € V(P) then G[V (H)] contains a cycle, contradicting our initial assumption,
and ifv € V(G) \ V(H), then S is not a separator of G, a contradiction. Also, every
(u, v)-path in G contains the edge uv, since, otherwise, the existence of a (u, v)-path
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in G that avoids uv implies the existence of a cycle in G[V (H)], a contradiction to our
initial assumption. But then the edge uv then uwv is a bridge of G, a contradiction to the
fact that G is bridgeless (due to Lemma 3.1.1).

Thus, for every internal vertex v of P, it holds that deg.(v) =2 and, by
Lemma 3.1.1, every such vertex has to be simplicial. This implies the existence of a
cycle in G[V (H )], a contradiction to our initial assumption. O

We now argue why in a graph G that is connected and K4-free and where O £
G and Ky 3 < G, the existence of more than two nice b-rich separators implies the
existence of'a P-apex vertex of G that is the intersection of all such separators. We stress
that the following lemma is not stated for graphs in obs(.A; (P)) \ O and, therefore, we
can not use Lemma 3.3.2 and assume that every b-rich separator is nice.

Lemma 3.3.3. Let G be a connected K,-free graph such that O £ G and K23 < G
and let Sy, . .., Sk be the b-rich separators of G. If k > 2 and every S;, i € [k, is nice,

k

then there is a vertex x € V(G) such that (| S; = {z} and x is a P-apex vertex of G.
i=1

Proof. Suppose that k > 2 and every b-rich separator S;,i € [k] of G is nice. We first

prove the following claim:

k
Claim 1: There exists some x € V(G) such that (] S; = {z}.
i=1

Proof of Claim 1: We first prove that every two b-rich separators of G have a non-
empty intersection. Suppose, towards a contradiction, that there exist ¢, j € [k], where
i # jand S;NS; = (. Due to Ky-freeness of G, there exists an augmented component
H € C(G, S;) such that S; C V(H). Observe that, since S; is nice, there exist at least
two augmented connected components that contain S;-blocks in C(G, S;) \ {H} that
contain a cycle and together form K as a minor. By applying the same arguments
symmetrically, there exist at least two augmented components in C(G, S;) that do not
contain S;, which together also form K as a minor. Then, notice that O < G (see
leftmost figure of Figure 3.11), a contradiction.

Now, suppose that there exist three distinct ¢, j,1 € [k] such that S; N S; N.S; = 0.
Notice that since S;N.S; # 0, there exists a unique augmented connected component of
C(G, S;) that contains both S}, S;, while there also exist at least two other augmented
connected components that contain .S;-blocks and, since .S; is nice, form K, as a mi-
nor. By applying the same argument to C(G, S;),C(G, S;), we have that for each said
separator we can form K; as a minor and therefore, O7; < G (see rightmost figure of
Figure 3.11), a contradiction.

Figure 3.11: The proof of Claim 1.

k
Therefore, () S; = {z} for some z € V(G). Claim 1 follows.

i=1
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Consider the b-rich separators S7,.S; of G. According to Claim 1, we have that
Sy ={z,u1}, So = {x,us}, for some uy,us € V(B), where uy # us. Let

Hy =\ J{H €C(G.,S1) 1us ¢ V(H)} and Hy =|J{H € C(G,S2) : w1 ¢ V(H)}

Also, let H = G\ ((V(H1)UV (Hz2))\{u1,us}). See Figure 3.12 for an illustration
of the above graphs. For each i € [2], observe that, since S; is nice, we have that
K, <H,.

Figure 3.12: An illustration of the graphs Hy, Hs (the red and green parts on the left
and on the right respectively) and the graph H, depicted in yellow.

Notice that for each i € [2], the graph G'\ H; is connected and the graph H \ u; is
a connected subgraph of G\ H;. Therefore, we can derive the following:

Observation 1: If y € V(H), then there exists a (y, u; )-path in H \ uy and a (y, uz)-
path in H \ w;. In particular, u;, us are not cut-vertices of H.

It remains to prove that x is a P-apex vertex of G. For that, suppose, towards a
contradiction, that there exist two cycles Cy, Cs, that are connected in G \ x. We will
now argue that the following holds:

Claim 2: Cy,Cy are in H.

Proof of Claim 2: If Cy, C5 are both in some H;, i € [2], say Hy, then H \ z ¢ P
and so obs(P) < H; \ z. Hence, since K; < Hs, {0,039} < G, a contradiction.
Also, if each C; belongs to different H;, ¢,j € [2], say C1 C H; and Cy C Ho, then
since C1, Cy are connected in G\ z, we have O}, < G (see left figure of Figure 3.13),
a contradiction.

Therefore, at least one of Cy, Cs is in H. Suppose then, towards a contradiction,
that one of Cy, Cy, say Oy, is in H; \ 2. Then Cy C H. Observation 1 implies that Cs
is connected with u; through a path disjoint from uz and thus, ifu ¢ V(Cs), O < G
(see central figure of Figure 3.13), while if uy € V(C5), then by contracting all edges
in the said path, we get O} < G (see right figure of Figure 3.13), a contradiction in
both cases. Claim 2 follows.
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Uy uz

Figure 3.13: The cycles Cy and C5 in the proof of Claim 2.

Observation 2: {uj,us} C V(C; U Cy). Indeed, suppose that there exists an i €
[2] such that u; ¢ V(C; U Cy). By Claim 2, Cy,Cy are in H and Observation 1
implies that there exists a path connecting C, Co avoiding u;. Hence, H \ u; ¢ P
and so obs(P) < H \ u; which, together with the fact that K; < H,, implies that
{09,048} < G, a contradiction.

Claim 3: There exists a block H’ of H that contains both C, C and is outerplanar.
Proof of Claim 3: We start with the following observation:

Observation 3: There exists some block H' of H that contains both wuq, us. Indeed,
suppose towards a contradiction, that there exists some cut-vertex v € V (H ) separating
uy,us in H. Then, there exist Dy, Dy € C(H,v) such that Dy # Dy, u; € V(D;) and
ug € V(Ds). By Observation 2, we can assume that C; C D7 and Co C Do, which in
turn implies that O3 < G (see Figure 3.14), a contradiction.

@@

Figure 3.14: The cycles C', C5 in the proof of Observation 3.

According to Observation 3, let H' be a block of H that contains both U1, Ug. Sup-
pose that some C;, i € [2], say C4, is not in H’. Then, there exists some cut-vertex u
of H such that Cy is in some H” € C(H,u) that does not contain H' as a subgraph.
Observation 1 implies that u ¢ {u1,us}. Therefore, O < G, a contradiction. Thus,
H’ contains C1, C>.

We now prove that H' is outerplanar. We have that Ky £ G and so Ky £ H'.
Hence, it suffices to prove that K5 3 £ H'. For that, suppose, towards a contradiction,
that K5 3 < H'. Then, Observation 3.3.1 implies that H' contains a b-rich separator
S. But then S is also a b-rich separator of G. Indeed, this holds since K -freeness of
G implies that every two A, B € C(H’, S) that contain S-blocks are not connected in
G\ S. Now, Claim 1 implies that 2 € S, a contradiction to the fact that S C H' C H.
Claim 3 follows.
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We now return to the proof of the lemma. According to Claim 3, let H’ be a block
of H that contains both C, C5 and is outerplanar. Since H' is biconnected and outer-
planar, then by Observation 2.0.1, H’ contains a Hamiltonian cycle, namely C. Since
C1,Cy C H’, there exists some chord e of C. To complete the proof of the Lemma,
we distinguish the following cases:

Case 1: ujuz ¢ E(C). Let Py, P, be the connected components of (C'\ uy) \ ua.
Notice that 4-freeness of G implies that e is incident to vertices of some P;, i € [2].
But then, 0%, < G, a contradiction (see leftmost figure in Figure 3.15).

Case 2: uyus € E(C). Then, the existence of e implies that O%O < @, a contradiction
(see rightmost figure of Figure 3.15).

Figure 3.15: The chord e of the Hamiltonian cycle C' of H' in the case analysis in the
end of the proof of Lemma 3.3.3.

This completes the proof of the Lemma. O

We now prove the following result:

Lemma 3.3.4. Let G be a K -free graph that contains a b-rich separator S. If'S is the
unique b-rich separator of G, then every H € C(G, S) is an outerplanar graph.

Proof. Let S be the unique b-rich separator of G and let H € C(G, S). To prove that
H is an outerplanar graph, it we prove that {K4, K>3} £ H. Since K4 £ G implies
that Ky £ H, we now aim to argue that K>3 £ H. Suppose to the contrary that
K33 < H, which by Observation 3.3.1 implies that H contains a b-rich separator S’,
where S’ # S. Since K4 £ G, we have that every two A, B € C(H, S’) that contain
S’-blocks are not connected in G \ S’ and therefore S’ is a b-rich separator of G, a
contradiction to the uniqueness of S. O

Let G be a K4-free biconnected graph with K5 3 < G and S a b-rich-separator of
G, suchthatevery H € C(G, S) is outerplanar. Foran H € C(G, S), we denote C'py the
Hamiltonian cycle of H, which exists due to Observation 2.0.3 and Observation 2.0.1.
Given an x € V(G), we say that an edge e € E(G) is an x-chord of G, if there exists
an H € C(G, S) such that e is a chord of Cj incident to . Also, given two vertices
z,y € V(G), we say that an edge e is an (x,y)-disjoint chord of G if there exists an
H € C(G, S) such that e is a chord of C disjoint to x, y.

We conclude this subsection by proving the following result:
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Lemma 3.3.5. Let G be a K 4-free biconnected graph such that O £ G and K2 3 < G.
Also, let S = {x,y} be a b-rich separator of G. Ifevery H € C(G, S) is an outerplanar
graph and if there exist at least two augmented connected components in C(G, S) not
isomorphic to a cycle, then one of the following holds:

o There exists a unique (x,y)-disjoint chord of G and there do not exist both x-
chords and y-chords of G, or

* There do not exist (x, y)-disjoint chords of G and there exists at most one x-chord
or at most one y-chord of G.

Proof. Suppose that every H € C(G, S) is outerplanar and there exist at least two
augmented connected components in C(G, S) not isomorphic to a cycle. Note that
since G is biconnected, it holds that every H € C(G, S) is also biconnected and so by
Observation 2.0.1, for every H we can consider its Hamiltonian cycle, which we denote
by C'y. Keep in mind that if some H € C(G, S) is not isomorphic to a cycle, then C'y
contains some chord. Also, observe that K4-freeness of G implies that xy € E(Cp).

Claim 1: There exists at most one (z, y)-disjoint chord in G.

Proof of Claim 1: Suppose to the contrary that there exist two (x, y)-disjoint chords,
namely e, e’. If there exists some H € C(G, S) such that e, ¢’ are chords of Cy, then
we have that obs(P) < H \ S. Therefore, by our assumption that there exists some
H' € C(G, S) different than H that contains a chord implies that K, < G\ (H \ 5)
and hence {0V, 09} < G, a contradiction. Therefore, there exist different H, H' €
C(G, S) such that e, ¢’ are chords of Cyy, Cyy, respectively. Hence, O7; < G (see
Figure 3.16), a contradiction. Claim 1 follows.

_______

Figure 3.16: The chords e, ¢’ in the second part of the proof of Claim 1.

We now distinguish the following cases depending on whether there exists an (z, y)-
disjoint chord:

Case I: There exists an (z, y)-disjoint chord of G.

Let e be an (z, y)-disjoint chord of G and let H € C(G, S) be the augmented com-
ponent, where e is a chord of C'yy. Claim 1 implies that e is the unique (z, y)-disjoint
chord of G and thus every other chord of each Cyr, H' € C(G, S), is either an z-chord
or a y-chord of G.

Recall that there exists some H' € C(G, S) different than H that is not isomorphic
to a cycle. Therefore, Cy+ contains some chord e’ that is either an x-chord or a y-chord
of G. Assume, without loss of generality, that e’ is an z-chord of G. We prove the
following claim:

Claim 2: Every edge of G that is a chord of some C», H"” € C(G, S), different from
e is an z-chord of G.

26



CHAPTER 3. STRUCTURE CHARACTERISATION OF OBSTRUCTIONS

Proof of Claim 2: Suppose, towards a contradiction, that there exists some H” €
C(G, S) such that C'y» contains a chord ¢” different from e which is not an z-chord of
G. Then, Claim 1 implies that e’ is a y-chord of G. Observe that H” € {H, H'}, be-
cause otherwise O} < G, a contradiction. Therefore, if H” = H, then {O?%,,0%;} <
G (see left and central figure of Figure 3.17), while if H” = H’, 0% < G (see right
figure of Figure 3.17), a contradiction in both cases. Claim 2 follows.

Figure 3.17: The possible configurations of the chords e, ¢/, ¢” in the proof of Claim 2

Therefore, in this case, e is the unique (z, y)-disjoint chord of G and there do not
exist y-chords.

Case 2: There do not exist (z, y)-disjoint chords of G.

In this case we prove that there exists at most one x-chord or at most one y-chord
of GG, which will conclude the proof of the Lemma. For that, suppose, towards a con-
tradiction, that there exist two z-chords of GG, namely e{ and e, and two y-chords of
G, namely e¥ and €. We say that a pair of edges (e, ¢’), where e, e’ € {ef,e5,eY,es}
is homologous if there exists some H € C(G, S) such thate,e¢’ € E(H).

We now distinguish the following subcases:

Subcase 2.1: (ef,e%) is not homologous and (ef,e}) is not homologous. Then,
{09, 01,,0%} < G depending whether there exist 0, 1 or 2 homologous pairs (e, €’),
where e € {ef,e3}, e’ € {ef,e}} (see Figure 3.18). In any case we have a contradic-
tion.

Figure 3.18: The possible configurations of the edges €Y, €}, e}, and €3 in the proof of
Subcase 2.1.

Subcase 2.2: (e}, e%) is homologous and (e, e)) is not homologous.

Let H € C(G, S) be the component such that e}, e € E(H). Notice that since
(e, €eY) is not homologous, at most one of €}, €4 is in E(H). If none of ¥, €} is in
E(H),then Of < G, while if some of €7, €4 is in E(H ), then O1, < G, a contradiction
(see Figure 3.19).
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Figure 3.19: The possible configurations of the edges ¥, €4, e}, and €% in the proof of

Subcase 2.2.

Subcase 2.3: (ef,e%) is not homologous and (e¥,e)) is homologous. This case is

symmetric to the previous one.

Figure 3.20: The possible configurations of the cycles e}, €4, e¥, and e} in the proof of
Subcase 2.4.

Subcase 2.4: (e}, %) is homologous and (€Y, %) is homologous. Let H € C(G, S) be
the component such that ef, e3 € E(H) and H' € C(G, S) be the component such that
ef,ey € E(H'). If H # H', then O) < G, while if H = H’, then O%; < G. In both
cases we have a contradiction (see Figure 3.20). O
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CHAPTER 4

CONFINING CONNECTIVITY

In this section we further restrict the structure of a graph G € obs(A;(P)) \ O. The
first step is to prove that G is biconnected (Lemma 4.1.7) and the second one is to prove
that G is triconnected (Lemma 4.2.3).

4.1 Proving biconnectivity

Inthis section we prove that every graph in obs(A;(P))\O is biconnected
(Lemma4.1.7). For this we prove a series of lemmata that gradually restrict the structure
of such a graph.

We begin by making two observations. We have that Lemma 3.1.1 implies that
every block of a graph G € obs(.A; (P)) \ O has a cycle and so by the O1 ,-freeness of
such a graph we derive the following:

Observation 4.1.1. If G € obs(.A;(P)) \ O then every block of G contains at most 2
cut-vertices.

Also, for a graph G € obs(A1(P)) \ O we have that G ¢ A;(P) and this implies
the following:

Observation 4.1.2. If G € obs(A;1(P)) \ O is a connected graph, then for every cut-
vertex v € V(QG) there exists an H € C(G,v) such that H \ v ¢ P, or equivalently
obs(P) < H\ v.

Lemma 4.1.3. IfG € obs(A;(P)) \ O, then G cannot have more than 1 cut-vertex.

Proof. Recall that, from Lemma 2.0.9, G is connected. Suppose then, towards a con-
tradiction, that G has at least two cut-vertices. Then, there exists a block B containing
two cut-vertices w1, ue, which due to Lemma 3.1.1 is not a bridge. Let

D, :U{H €C(G,uy1) :ug ¢ V(H)} and Dy :U{H €C(G,ug) :uy ¢ V(H)},

We now prove a series of claims:

Claim 1: Both Dy, D4 are isomorphic to K.
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Proof of Claim 1: Suppose, to the contrary, that one of Dy, D5, say D1, contains two
cycles, which is equivalent to obs(P) < D4, since D is connected. Let H € C(G, u1)
be the component that contains uo. We distinguish two cases:

Case 1: D1\uy € P. Then, by Observation4.1.2, obs(P) < H\u; and therefore, since
V(D) NV(H \ u1) = 0 and obs(P) < D1, we have that O° < G, a contradiction.

Case 2: Di\uy € P, orequivalently obs(P) < D;\u;. Observe that, since H contains
the cut-vertex ug, there exist two blocks Hy, H of G in H such that V/(H, )NV (Hs) =
{uz}. Then, since, by Lemma 3.1.1, each block of G contains a cycle, we have that the
butterfly graph Z is a minor of H. Hence, {OY, O3} < G, a contradiction.

Therefore, both Dy, D, contain at most one cycle and, since both are non-empty,
Lemma 3.1.1(1) implies Claim 1.

Claim 2: Every cycle in B contains either u; or us.

Proofof Claim 2: Suppose, to the contrary, that there exists a cycle C containing neither
up nor ug. By Menger's Theorem there exist two internally vertex disjoint (uq,us)-
paths P;, P,. We distinguish the following cases:

Case 1: Both of P, P; intersect C.

Let z1, 2o be the vertices where Py, P, meet C for the first time, respectively. Let,
also, wy, wo be the vertices that Py, P, meet C for the last time, respectively. Since
V(Pl) n V(PQ) = {ul,uQ} we have that {2’1,11}1} N {2’2,11)2} = 0. If 21 75 w1y or
zo # wa, say z1 # w1, then by contracting the edges in the (w1, ug)-subpath of P;
we form O as a minor of G, a contradiction (see left figure of Figure 4.1). Therefore,
we have that z; = wq and 25 = ws, i.e. both Py, P, intersect C' in exactly one vertex,
in which case we have again O} as a minor of G, a contradiction (see right figure of
Figure 4.1).

z1 Zil
SEO PO
Z9 c 29
Figure 4.1: The paths P; and P, in Case | of Claim 2.

Case 2: Either P; or P; is disjoint to C.

Say, without loss of generality, that V(P;) N V(C) = 0. Applying Menger's the-
orem for the vertex sets {u1,u2} and V(C') in B, we deduce the existence of two
vertices ,y € V(C), an (z,u;)-path Q1 in B, and a (y, ug)-path Q2 in B such that
V(Q1)NV(Q2) = (. Let 21, 25 be the vertices where 1, Q2 meet P for the first time,
respectively (starting from x and y, respectively). Then, by contracting every edge of
Py except of one edge of the (21, 22)-subpath of P;, we form Oé as a minor of G, a
contradiction (see Figure 4.2). Claim 2 follows.

30



CHAPTER 4. CONFINING CONNECTIVITY

21 z22
U1 U2
x

@ 0;

Figure 4.2: The paths P;, 1, Q2 in Case 2 of Claim 2.

We now return to the proof of the Lemma. Notice that, by Observation 4.1.1,
u1, ug are the only cut-vertices of G contained in B. Therefore, Claim 1 implies that
Dy, B, D5 are the only blocks of G.

Let H; € C(G,us) be the component where u; € Hy and Hy € C(G,uq) be
the component where us € Ho. By Observation 4.1.2, we have that obs(P) < Hj \
ug, Ha \ uy, or equivalently Hy \ ug, Ho \ u1 € P. Therefore, since Hy \ uz, Ha \ u1
are connected, Claim 2 implies that there exist two cycles C, Cs in B such that u; €
V(Cl) and up € V(OQ) If V(Ol) N V(CQ) = () then Og < G and if |V(01) N
V(Cq)| > 2then Of < G, acontradiction in both cases. Hence, V (C1)NV (Cs) = {z}
for some z € V(B). As B is ablock of G, x is not a cut-vertex of B and so there exists
a (u1, uz)-path P in B such that z ¢ V(P).

U1 U2 s T U2
22

Figure 4.3: The cycles C'1, C'y and the path P in the end of the proof of the Lemma.

IfV(P)NV(C1UCs) = {u1,uz} then Of, < G, a contradiction (see the leftmost
figure of Figure 4.3). Therefore P intersects, without loss of generality, C at a vertex
different from u;. Let z; € V(C1) be the vertex that P meets C; for the last time.
Also, let zo € V(C5) be the vertex that the (21, uz)-subpath of P meets C5 for the first
time. Then, the cycle C1, the (z1, z2)-subpath of P, the (22, uz)-path in Cs that does
not contain x and the (x, ug)-path of Cs that does not contain 29, along with Dy, Do
form O1 as a minor of G, a contradiction (see the rightmost figure of Figure 4.3). [

Lemma4.1.4. Let G € obs(A;(P))\ O. If G contains a cut-vertex x, then C(G, z) =
{B, D} for some biconnected graph B and D = K.

Proof. First, suppose that GG contains a cut-vertex x and recall that, by Lemma 2.0.9,
G is connected. Now, by Lemma 4.1.3, we have that z is the only cut-vertex of G and
therefore Observation 4.1.2 implies that there exists some block B € C(G, x) such that
obs(P) < B\ z.

Let D = J{H € C(G,z) : H # B}, thatis G\ (B \ z). We will prove that
D = Kj3. Suppose, towards a contradiction, that D contains more than one cycle. Then,
since D is connected, we have that obs(P) < D and so the fact that DN (B \ z) =)
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implies that 0" < @G, a contradiction. Therefore, D contains at most one cycle. But
since z is a cut-vertex we have that D # () and hence, Lemma 3.1.1(1) implies that
D = K3 which concludes the proof of the Lemma. O

Lemma 4.1.5. If G € obs(A;1(P)) \ O then K4 £ G or G is biconnected.

Proof. Suppose, towards a contradiction, that K4 < G and G is not biconnected.
Then, since by Lemma 2.0.9, G is connected, there exists a cut-vertex  of G and
so Lemma 4.1.4 implies that C(G, z) = {B, D}, where B is a biconnected graph and
D = Kj5. Now, observe that Ky < B and, following Corollary 3.2.2, consider an
r-wheel-subdivision pair (H, K) of B.

We argue that the following holds:

Claim 1: z is a branch vertex of K.

Proof of Claim 1: We first prove that € V(K. Suppose, towards a contradiction,
that z ¢ V(K). Notice that, since x € V(B) and B is a biconnected, then there exist
two paths Py, P> from z to some vertex of K such that V(P) N V(P) = {z}.

Let uy, ug be the first time P; and P, meet K, respectively. Let P| be the (2, u1)-
subpath of P; and Pj be the (z, us)-subpath of Ps. Then, the (u1, us)-path P U P}
intersects K only in its endpoints and so Lemma 3.2.3 implies that there exists an edge
e € E(H) suchthat uy, us are both vertices of the subdivision of e in K (see Figure 4.4).

Figure 4.4: The paths P], P} from x to K in the proof of Claim 1.

Let P be the path corresponding to the subdivision of e in K. Let, also, z; be the
branch vertex of K incident to e that is closest to w1 in P and z be the other branch
vertex of K incident to e. Then, by contracting all the edges in the (u1, 21)-,(uz2, 22)-
subpaths of P we form O} as a minor of G, a contradiction. Hence, x € V(K).

But now, if x is not a branch vertex of K then ()}l < @, a contradiction. Claim 1
follows.

We now prove that H is isomorphic to K. Suppose to the contrary, that H is
isomorphic to an r-wheel for some » > 4. By Claim 1, z is a branch vertex of K.
Then, x is the center of K, otherwise O} < G, a contradiction. Since B is a block
of G, by Lemma 3.2.6, we have that = is a P-apex vertex of B and so the fact that
C(G,z) = {B,D}, where D = K3, implies that z is also a P-apex vertex of G, a
contradiction. Hence, r = 3, i.e. H is isomorphic to Kj.

According to Claim 1, we have that x is a branch vertex of K. Let y;,¢ € [3], be
the three other branch vertices of K, as in Figure 4.5:
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Figure 4.5: Tllustration of the branch vertices of K.

Claim 2: Every flap of (H, K) is z-oriented.

Proof of Claim 2: We first prove that for every flap F' of (H, K) thereisat € V(K)
such that F'is an (z, t)-flap. For that, consider a flap F' whose base does not contain z,
i.e., F'is an (s, t)-flap for some s,t € V(K), where s,t # x (the set {s,t} is the base
of F'). By Lemma 3.2.4(3), there exists an edge ¢ € E(H) such that s, ¢ belong both
to the subdivision of e in K. Observe that if e = y;y;, then by Lemma 3.2.4(1),(2),
O} < @ (see left figure of Figure 4.6), while if e = xy; and s, t are both different from
x, then, similarly, ()} < G (seeright figure of Figure 4.6), a contradiction in both cases.

Y2 Y2
A De
,” /I t,./ /I !
- ’ | . ’ !
Doar e Poaitein
T .. . . C
REYON | ARV
T "

Ys Ys

Figure 4.6: Left figure: An (s, t)-flap in the subdivision of some y;y; edge of H (de-
picted in blue) in the proof of Claim 2. Right figure: An (s, ¢)-flap in the subdivision
of some zy; edge of H (depicted in red) in the proof of Claim 2.

Therefore, F is an (z,t)-flap for some ¢ € V(K). Observe now that for every
t € V(K), every (z,t)-flap of (H, K) is z-oriented. Indeed, for otherwise, if there
existsan (x, t)-flap F', forsome ¢ € V (K), thatis not z-oriented, then, by Lemma 3.2.5,
F' is t-oriented. Hence, that there exists a cycle in F' containing ¢ but not « and so
O} < @, a contradiction. Claim 2 follows.

Therefore, since C(G,z) = {B, K3} and the fact that, by Claim 2, every flap of
(H, K) is z-oriented, Lemma 3.2.1 implies that x is a P-apex vertex of G and so G €
A;(P), a contradiction. O

Lemma 4.1.6. If G € obs(A;(P)) \ O then K5 3 £ G or G is biconnected.

Proof. Suppose, towards a contradiction, that K5 3 < G and G is not biconnected.
Then, since by Lemma 2.0.9, GG is connected, there exists a cut-vertex u of G and so
Lemma 4.1.4 implies that C(G, u) = { B, T}, where B is a biconnected graph and T 2
K. Note that since G contains a cut-vertex, then by Lemma 4.1.5 it is K-free. Note
also that by Observation 3.3.1 we have that there exists a b-rich separator S = {z,y}
of B and observe that S is also a b-rich separator of G. Since G € obs(A;1(P))\ O, by
Lemma 3.3.2, every b-rich separator of G is nice and so Lemma 3.3.3 implies that S is
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the unique b-rich separator of GG, and therefore it is also the unique b-rich separator of
B. We distinguish two cases, based on whether u belongs to S or not:

Case 1: The cut-vertex u is neither of x, y.

Let H € C(G, S) be the component where u € V(H) and let H = H \ (T \ u).
Observe that B = G[V (G \ H) UV (H)] and that H € C(B, S). Since B is a block,
every H € C(B,S) is biconnected. Moreover, since .S is the unique b-rich separator
of B, by Lemma 3.3.4, every H € C(B, S) is outerplanar. Thus, by Observation 2.0.1,
for every H € C(B,.S), we can consider the Hamiltonian cycle Cy of H. Notice that
K ,-freeness of G implies that vy € E(Cp). Also, keep in mind that by Lemma 3.1.1,
forevery H' € C(G, S)\ {H}, G[V(H')] contains a cycle.

Observation 1: B does not contain (z, y)-disjoint chords. Indeed, if H contains an
(x, y)-disjoint chord, then obs(P) < H\ S (see leftmost and cental figure of Figure 4.7)
and so {0Y,09} < G, while if some H' € C(B,S) \ {H} contains a (z, y)-disjoint
chord, then O} < G (see rightmost figure of Figure 4.7), a contradiction.

T
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Figure 4.7: The (z, y)-disjoint chord in the proof of Observation 1
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Claim I: B\ (H \ S) does not contain both z-chords and y-chords.

Proof of Claim 1: Suppose, to the contrary, that there exist an z-chord and a y-chord in
B\ (H\ S), say e, and e,, respectively.

We first consider the case that there exists some H' € C(B,S) \ {H} such that
ez, ey € E(H'). Due to Ky-freeness of G we have that e, e, are not *“crossing" i.e., if
e, = zx’ and e, = yy’, then the (z, y’)-path in Cy \ y contains z’. This implies that
O3} < G, a contradiction (see the leftmost figure in Figure 4.8). In the case where e,
and e, are in different augmented connected components in C(G, S) \ {H}, we have
that O}, < G, a contradiction (see the rightmost figure in Figure 4.8). Claim 1 follows.

Figure 4.8: The chords e, e, in the proof of Claim 1

We also observe the following:
Observation 2: If there is an x-chord (resp. y-chord) of Cy, for some H' € C(B, S)\
{ﬁ }, then every chord of C'; is a y-chord (resp. x-chord). Indeed, suppose that there
exists an z-chord of C'ys, for some H' € C(B, S) \ {H?}, and notice that if there exist
both z-chords and a y-chords in H, then O} < @G, a contradiction (see Figure 4.9)
while, if all chords of C are x-chords, then due to Observation 1 and Claim 1, for
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every H' € C(B, S) \ {H}, every chord of Cy is an z-chord, and thus 2 is a P-apex
of GG, a contradiction.

Figure 4.9: An z-chord and a y-chord of C in Observation 2 of Case 1.

Claim 2: Either Cy: is chordless for every H' € C(B,S) \ {H}, or C is chordless.
Proof of Claim 2: Suppose to the contrary that there exist an H' € C(B,S) \ {H?},
a chord e of C'y, and a chord €’ of C;. If e is an x-chord (resp. y-chord), then by
Observation 2, ¢’ is a y-chord (resp. z-chord). Thus, O, < G, a contradiction (see
Figure 4.10). Claim 2 follows.

Figure 4.10: The chords e, ¢’ in the proof of Claim 2.

According to Claim 2, either every Cyr, H' € C(B, S) \ {H?} is chordless or Cy
is chordless which, together with Observation 1 and Claim 1, implies that either y or z,
respectively, is a P-apex of GG, a contradiction.

Case 2: The cut-vertex u is either x or y.
Assume, without loss of generality, that v = y. We first prove the following:

Claim 3: There exists a unique augmented connected component in C(B, S) that is not
isomorphic to a cycle.

Proof of Claim 3: First, notice that if each augmented connected component in C(B, .S)
is isomorphic to a cycle, then G € A;(P), a contradiction. Therefore, there exists an
augmented connected component in C(B, S) that is not isomorphic to a cycle. Suppose,
towards a contradiction, that C(B, S) contains two augmented connected components
not isomorphic to a cycle. We distinguish the following subcases:

Subcase 2.1: B contains an (z, y)-disjoint chord.

Let e be an (z, y)-disjoint chord in B. Then, Lemma 3.3.5 implies that e is the
unique (z, y)-disjoint chord of B and B does not contain both z-chords and y-chords.
Let H € C(B, S) be the component where e € E(H).

Recall that there exists some H' € C(B,S) \ {H} that is not isomorphic to a
cycle and therefore C'y contains a chord €’. If ¢’ is an z-chord, then Oé < G (see
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Figure 4.11), a contradiction. If €’ is a y-chord, then Lemma 3.3.5 implies that there
does not exist an z-chord and therefore y is a P-apex of G, a contradiction.

Figure 4.11: The chords e, ¢’ in the first part the proof of Subcase 2.1.

Subcase 2.2: B does not contain an (z, y)-disjoint chord.

Then Lemma 3.3.5 implies that H contains at most one z-chord or at most one y-
chord. If there exists at most one x-chord, then y is a P-apex of G, a contradiction.
Therefore there exists at most one y-chord.

Suppose that there exists a y-chord, namely e, and let H € C(B, S) be the com-
ponent where e, € E(H). Recall, again, that there exists some H' € C(B,S) \ {H}
that is not isomorphic to a cycle and therefore C'yy- contains a chord €’. Since e, is the
only y-chord in B, ¢’ is an z-chord. Observe that, since y is not a P-apex vertex of G,
there exists an x-chord €” such thate” # €. Ife” ¢ E(H), then {03, 03} < G, while
ife” € E(H), then O}, < G (see Figure 4.12), a contradiction in both cases. Claim 3
follows.

Figure 4.12: The chords e, ¢/, €’ in the last part of the proof of Subcase 2.2.

We now proceed in order to conclude Case 2 of the Lemma. According to Claim
3, let H be the unique augmented connected component of B that is not isomorphic to
a cycle. Therefore, due to Lemma 3.1.1, every H' € C(B, S) \ {H} is isomorphic to
K.

We have that H is outerplanar and due to Lemma 4.1.4, H is also biconnected. Let
C be the Hamiltonian cycle of H, which exists by Observation 2.0.1. Notice again
that, K4-freeness of G implies we have that xy € E(C'). Therefore, the graph G is as
in Figure 4.13 below:
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Y

Figure 4.13: Illustration of the structure of the graph G in Case 2.

Observe that every (x, y)-disjoint chord, z-chord, and y-chord of B is a chord of
C.

Claim 4: There do not exist (z, y)-disjoint chords in B.

Proof of Claim 4: Suppose, towards a contradiction, that there exists an (x, y)-disjoint
chord in B, namely e. We observe the following:

Observation 3: There exists at most one (x,y)-disjoint chord in B. Indeed, if the
contrary holds then {09, O} < G (see Figure 4.14), a contradiction.

it

Figure 4.14: The two (z, y)-disjoint chords in Observation 1 of Case 2.

Observation 3 implies that e is the unique (z, y)-disjoint chord in B. Now, if there
exists some z-chord in B then {O7,0],} < G (see Figure 4.15), a contradiction.
Therefore, every edge ¢/ € E(H) except for e that is a chord of C, is a y-chord and
thus y is a P-apex vertex of GG, a contradiction. Claim 4 follows.

x x
@ @
Figure 4.15: A («, y)-disjoint chord e and an z-chord in the proof of Claim 4 of Case
2.

We now conclude the proof of the Lemma. Since x is not an P-apex vertex of G,
there exists some chord of C not incident to z, namely e. By Claim 4, e is a y-chord.

Also, there exists at most one z-chord of C, since otherwise we have O}, < G (see
Figure 4.16), a contradiction.
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Figure 4.16: A y-chord and two z-chords in the last part of the proof of Case 2.

Therefore, it holds that y is a PP-apex vertex of G, a contradiction. This completes
the proof of the Lemma. O

Lemma 4.1.7. If G € obs(A;(P)) \ O then G is biconnected.

Proof. Suppose, towards a contradiction, that G is not biconnected. Then, since by
Lemma 2.0.9, G is connected, there exists a cut-vertex x of G. Due to Lemma 4.1.4 we
have thatC(G, z) = {B, D}, where B is biconnected and D = K3. Also, Lemma4.1.5
and Lemma 4.1.6 imply that Ky £ G and K33 £ G and so G is an outerplanar
graph. Thus, B is also outerplanar. Following Observation 2.0.1, we can consider the
Hamiltonian cycle C of B. Therefore, the structure of G is as in Figure 4.17:

Figure 4.17: Illustration of the structure of the graph G in the proof of Lemma 4.1.7.

We make the following observation:

Observation: Every two chords not incident to x share a vertex. Indeed, suppose that
there exist two disjoint chords e; = wujv1,e2 = ugve of C not incident to xz. The
possible configurations of e1,e2, due to outerplanarity of B, are depicted in Figure 4.18.
Thus, {O3,0%} < G, a contradiction.

uy Us uy

Figure 4.18: The two chords of C disjoint to x, y in the proof of Observation 1.

We now continue with the proof of the Lemma. Since z is not a P-apex vertex of
G there exist two chords eq, eo not incident to . By the above Observation, both eq, es
share a vertex u. But then, since u is not a P-apex vertex of G, there exists a chord e
not incident to w.

If e is not incident to = then Observation 1 implies that e shares a vertex with both
e1, ez, in which case, O < G (see Figure 4.19), a contradiction.
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Figure 4.19: The case where e is not incident to x.

Ifnow e is incident to = then, {0}, O1,, 0} < G (see Figure 4.20), a contradiction.

Figure 4.20: The possible configurations of the chords in the case where e is incident
to x.

4.2 Proving triconnectivity

The purpose of this subsection is to prove that all graphs in obs(.A1(P)) \ O are tricon-
nected (Lemma 4.2.3).

Lemma 4.2.1. [fG € obs(A1(P)) \ O then K4 £ G or G is triconnected.

Proof. Suppose, to the contrary, that GG is not triconnected and K, < G, which, by
Lemma 4.1.5, implies that G is biconnected. Let (H, K) be an r-wheel-subdivision
pair of G. Since G is biconnected and G ¢ A;(P), Lemma 3.2.6 implies that H is
isomorphic to K4. We stress that, due to Lemma 3.2.4(2), for every flap F' of (H, K),
G[V (F)] contains a cycle.

Observation: Every flap of (H, K) is an (x, u)-flap where x is a branch vertex of K
and v is a vertex in the subdivision of an edge e = zy € E(H) in K. Indeed, let I’ be
a (u,v)-flap of (H, K). By Lemma 3.2.4(3), there exists an edge e € E(H) such that
u, v belong both to the subdivision of e in K. If neither of u, v is a branch vertex of K
then, since, by Lemma 3.2.4(2), G[V (F)] contains a cycle, we have that O3 < G (see
Figure 4.21), a contradiction.

U U
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AN -7
VST,
\\ v ’
| ’
\
.
N ’
N
\‘,

Figure 4.21: An example of a (u, v)-flap such that both u, v are subdividing vertices of
the corresponding path.
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Following the above Observation, we distinguish the following two cases, depend-
ing on whether there exists an (z, u)-flap of (H, K') such that x is a branch vertex of
K and w is a subdividing vertex in the subdivision of an e = xy € E(H) in K or for
every flap its base is a subset of the branch vertices of K:

Case 1: There exists an (z,u)-flap F', where z is a branch vertex of K and u is a
subdividing vertex in the subdivision of an edge e = zy € E(H) in K.
Let z1, 22 be the two other branch vertices of K (as shown in Figure 4.22).

Figure 4.22: The structure of G in Case 1.

Claim 1: All flaps of (H, K) are (x, w)-flaps where w is a vertex in the subdivision of
anedge e’ € {zy,x21, 222} in K.

Proof of Claim 1: Suppose, to the contrary, that Claim 1 does not hold. Following the
above Observation, we distinguish the following subcases:

Subcase 1.1: There exists a (y, v)-flap F’ where v is a subdividing vertex in the subdi-
vision of e in K. Observe that F # F’. By Lemma 3.2.4, it holds that V.(F )NV (F') C
{x,u} N {y,v}. Therefore, if u = v then V(F) NV (F') = {u} and so O% < G, while
ifu # vthen V(F) NV (F') = () and so O < G (see Figure 4.23), a contradiction in
both cases.

Figure 4.23: The configuration of the flaps of (H, K') in Subcase 1.1 of Claim 1.

Subcase 1.2: There exists a flap whose base is in the subdivision of the edges yz; or
y2a. But, then O} < G (see Figure 4.24), a contradiction.
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Figure 4.24: A flap whose base is in the subdivision of some edge yz;, ¢ € [2] (depicted
in red) in Subcase 1.2 of Claim 1.
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Subcase 1.3: There exists a flap whose base is in the subdivision of the edge z; z2. But,
then O2 < G (see Figure 4.25), a contradiction.

T, U Y
&«---e----»
\\\\\Zl”/ll
\ L A 4

Figure 4.25: A flap whose base is in the subdivision of z7 z5 in Subcase 1.3 of Claim 1.

Subcase 1.4: There exists a (z;, v)-flap such that v is a subdividing vertex in the sub-
division of the edge z;x, i € [2]. But, then O < G (see Figure 4.26), a contradiction.
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Figure 4.26: A flap whose base is in the subdivision of some edge z;z, i € [2] (depicted
in blue) in Subcase 1.4 of Claim 1.

Since we have exhausted all possible cases, Claim 1 follows.

Now, to conclude Case 1 we prove the following:

Claim 2: Every flap of (H, K) is z-oriented.

Proof of Claim 2: Suppose, towards a contradiction, that there exists a flap F” that
is not x-oriented. Then, by Claim 1, this is an (z,w)-flap where w is some vertex
in the subdivision of an edge ¢/ € {xy,xz1,222}. Since F’ is not z-oriented then
Lemma 3.2.5 implies that there exists a cycle C' in F” that contains w but not z. If
e/ = wz;, for some i € {1,2}, then O} < G (see the left figure of Figure 4.27), a
contradiction. Thus, ¢/ = xy. Then, if w # y we have that O} < G (see the central
figure of Figure 4.27), a contradiction. Therefore, w = y and so F’ # F, which, by
Lemma 3.2.4, implies that V(F') N V(F’) = {x}. Therefore, by contracting F to a
cycle we get a cycle containing z but not y disjoint to C. Hence O} < G (see the right
figure of Figure 4.27), a contradiction. Claim 2 follows.
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Figure 4.27: The possible configurations of the non z-oriented flap F” in the proof of
Claim 2.

Claim 2 implies that every cycle of every flap contains . Hence, Lemma 3.2.1
implies that every cycle in G except for one contains x. Therefore, = is a P-apex
vertex of GG and so we arrive at a contradiction.

Case 2: Every flap is a (u, v)-flap, where u, v are branch vertices of K.

We argue that the following holds:

Claim 3: There is a branch vertex = of K such that the bases of all flaps of (H, K)
share z.

Proof of Claim 3: To prove Claim 3 we make the following observation:

Observation: For every two flaps of (H, K), there exists a branch vertex « of K such
that their bases share x. Indeed, suppose to the contrary, that there exist two flaps of
(H,K),an (z,y)-flap and an (2, y')-flap, such that 2y, 2'y’ are two non-incident edges
of H. But then, O2 < G, a contradiction (see Figure 4.28).
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Figure 4.28: The configuration of the flaps of GG in the proof of Observation.

(@)

If F, F5 are two different flaps of (H, K), then, by the above Observation, there
exist two branch vertices y, z of K different from x such that F} is an (x, y)-flap and F;
isan (x, z)-flap. Recall that a 2-separator S C V(K of G defines at most one flap, and
hence we have that y # 2. Moreover, if there exists a flap F3 of (H, K) different than
Fy, Fy, then its base also contains x, since otherwise, the above Observation implies
that F3 is a (y, z)-flap and therefore O2 < G (see Figure 4.29), a contradiction. Claim
3 follows.
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Figure 4.29: The configuration of the flaps of GG in the end of the proof of Claim 3.

According to Claim 3, there exists a branch vertex 2 € V(K) such that every flap
of (H, K) is an (x,y)-flap, where y is a branch vertex of K different from z. The
following claim will conclude Case 2 and thus the Lemma.

Claim 4: Every flap of (H, K) is z-oriented.

Proof of Claim 4: Suppose, towards a contradiction, that there exists an (z, y)-flap F'
of (H, K) that is not x-oriented. Then, Lemma 3.2.5 implies that F' is y-oriented and
so there exists a cycle in F' that contains y but not x.

We will prove that F is the unique flap of (H, K). Indeed, if there exists a flap F”
of (H, K) that is different than F', then it is an (z, 3’)-flap, where y’ is a branch vertex
of K different from both = and y. As above, we have that y # 1/, since F' # F’. Thus,
O} < G (see Figure 4.30), a contradiction.

Therefore, F' is the only flap of (H, K') and since it is y-oriented, Lemma 3.2.1
implies that y is a P-apex vertex of G, a contradiction. Claim 4 follows.

Figure 4.30: An example of the (z, y)-flap and the (x, y’)-flap in the proof of Claim 4.

Claim 4 and Lemma 3.2.1, taking account that G is biconnected, imply that x is a PP-
apex vertex of G, a contradiction. This concludes Case 2 and hence Lemma 4.2.1. [

Lemma 4.2.2. IfG € obs(A1(P)) \ O then K2 3 £ G or G is triconnected.

Proof. Suppose, to the contrary, that G is not triconnected and K3 3 < G, which, by
Lemma 4.1.6, implies that G is biconnected. Also, since G is not triconnected, by
Lemma 4.2.1, it is K4-free.

Since G € obs(A;(P)) \ O, by Lemma 3.3.2, every b-rich separator of G is nice.
Also, by Observation 3.3.1 we have that there exists a b-rich separator S = {z,y} of
G, that is unique due to Lemma 3.3.3. We argue that the following holds:

Claim 1: There exists a unique augmented component in C(G, S) not isomorphic to a
cycle.
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Proof of Claim 1: Observe that there exists an augmented connected component in
C(@G, S) not isomorphic to a cycle, otherwise G € A;(P). Suppose then, towards a
contradiction, that there exist two augmented connected components in C(G, S) that
are not isomorphic to a cycle. Since .S is the unique b-rich separator of G, then by
Lemma 3.3.4, we have that every H € C(G, S) is outerplanar. Thus, by Lemma 3.3.5,
one of the following holds:

¢ There exists a unique (x, y)-disjoint chord of G and there do not exist both z-
chords and y-chords in GG. But then, if there do not exist x-chords (or y-chords)
of G, then y (or x, respectively) is a P-apex of G, a contradiction.

* There do not exist (z,y)-disjoint chords of G and there exists at most one -
chord or at most one y-chord of GG. But then, if there exists at most one z-chord
(or y-chord) of G, then y (or z, respectively) is a P-apex of GG, a contradiction.

Since we arrived at a contradiction in both cases Claim 1 follows.

According to Claim 1, let H be the unique augmented connected component in
C(@G, S) that is not isomorphic to a cycle. Note that by Lemma 3.1.1 every H' €
C(G,S) \ {H} is isomorphic to K3. Also, since H is biconnected and outerplanar,
following Observation 2.0.1, we can consider the Hamiltonian cycle C' of H. Notice
that, due to Ky-freeness of G, zy € FE(C).

Claim 2: Every chord of C'is either an z-chord or a y-chord of G.

Proof of Claim 2: Suppose, towards a contradiction, that there exists some (x,y)-
disjoint chord uv of G. Observe that there is a unique such chord, since otherwise
{09,093} < G.

Suppose, without loss of generality, that the (, u)-subpath of C'\ 2y does not con-
tain v -- we denote this path by P;. Let P be the (y, v)-path in C' \ zy (as shown in
Figure 4.31).

Figure 4.31: The chord uv and paths P;, P» as in the proof of Claim 1.

We argue that the following holds:

Subclaim: All chords of C, other than uv, are incident to the same vertex of the sepa-
rator {z, y}.

Proof of Subclaim: Suppose, towards a contradiction, that there exists an z-chord zz’
of G and a y-chord yy’ of G. Then, due to outerplanarity of H, ' and y’ are vertices
inV(P)UV(P). Ifa’ € V(P)andy € V(P), then O3 < G (see leftmost figure
of Figure 4.32) while if both 2" and y’ belong to the same P;,i € [2], then O}, < G
(see rightmost figure of Figure 4.32). Subclaim follows. Then, it cannot be the case
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that 2’ € V(P;) and y’ € V(P), otherwise O3 < G On the other hand, it also cannot
be the case that both 2’ and 3’ belong to the same P;,i € [2] since that implies that
0?, < G (see Figure 4.32). Subclaim follows.

v
Py P,

Figure 4.32: Possible configurations of chords zz’, yy’, as in the proof of Subclaim.

According to the Subclaim, all chords of C, other than wwv, are incident to the same
vertex of the separator, say x - but then x is a P-apex vertex of GG, a contradiction.
Therefore, an (z, y)-disjoint chord of G cannot exist and this concludes the proof of
Claim 2.

Y

Figure 4.33: An example of H having at least two x-chords and at least two y-chords.

Now, since z is not an P-apex there exist two chords of C not incident to x. By
Claim 2, these are y-chords of G. Symmetrically, there exist two z-chords of G. There-
fore, we have that O7, < G (as shown in Figure 4.33), a contradiction. O

Lemma 4.2.3. If G € obs(A;(P)) \ O then G is triconnected.

Proof. Suppose, to the contrary, that G is not triconnected. Then, by Lemma 4.1.7,
Lemma 4.2.1, and Lemma 4.2.2, G is biconnected and outerplanar and so, due to Ob-
servation 2.0.1, it contains a Hamiltonian cycle, namely C.

Observe that G has at most 3 vertices of degree 2. Indeed, if there exist 4 vertices
v1,v2,03,v4 € V(G) of degree 2, then, by Lemma 3.1.1, they are simplicial, which
also implies that no pair of them is adjacent. Thus, by contracting all edges of C, except
those that are incident to vy, va, v3, v4, we can form O2 as a minor of G (as depicted in
Figure 4.34), a contradiction.
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Figure 4.34: An outerplanar graph G € obs(A;(P)) \ O having 4 vertices of degree 2.

On the other hand, by Proposition 2.0.2, G has at least two vertices of degree 2.
Thus, we distinguish the following two cases:

Case 1: (G has exactly 2 vertices u, v of degree 2. Note that, by Lemma 3.1.1, u, v are
simplicial.
Observe that C' \ u \ v is the union of two vertex disjoint paths Py, P5. Let uq, us

be the neighbors of u in P, Ps, respectively and vy, v9 be the neighbors of v in Py, P,
respectively. Therefore, the structure of the graph G is as follows:

Py
Ul o em e V1
U &« ® U
Uy T==-- U2
P,

Figure 4.35: The structure of the graph G in Case 1 of Lemma 4.2.3.

We prove the following claim concerning the chords of C.

Claim 1: Every chord of C' is between a vertex of P, and a vertex of Ps.

Proof of Claim 1: Suppose, to the contrary, that there exists an edge connecting non-
consecutive vertices of Py or P, say P;, and let e = xy be such an edge whose end-
points have the smallest possible distance in P;.

Let P] be the subpath of P; between x and y. Since e is a chord of C, Pj contains an
internal vertex w. Note then that, since u, v are the only vertices of G of degree 2, w is of
degree greater than 2 and so there exists a neighbour of w, say z, such that wz ¢ E(Py).
Observe that K4-freeness of G implies that z is a vertex of P| (see leftmost figure
in Figure 4.36). But then wz is an edge connecting non-consecutive vertices of P;
whose endpoints have smaller distance (in P;) than that of z, y (see rightmost figure
in Figure 4.36), a contradiction to the minimality of P;. This concludes the proof of
Claim 1.
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Figure 4.36: The chord wz in the proof of Claim 1.

We now make a series of observations:

Observation 1: Every internal vertex of P; and P, is incident to a chord. This follows
immediately from Lemma 3.1.1 and the fact that u, v are the only vertices of degree 2.

Observation 2: Every internal vertex of P; is adjacent to us or vy. Respectively, every
internal vertex of P, is adjacent to u; or v;. Indeed, if there exists an internal vertex
z of P or P, say P, not incident to us or vo then by Observation 1 and Claim 1 z is
adjacent to an internal vertex of P, and hence OF, < G (as shown in Figure 4.37), a
contradiction.

Py
U __-@--_ U1
U & » U
uz\h__ - v2
Py

Figure 4.37: A chord connecting two internal vertices of P;, P in the proof of Obser-
vation 2 of Case 1.

Observation 3: One of Pp, P, must be of length at most 1. Indeed, suppose to the
contrary, that both P;, P, are of length at least 2. Then, both P;, P, contain an internal
vertex, say x1, X2, respectively. Then, by Observation 1, they are both incident to some
chord of C. By Observation 2, x; is adjacent to uy or ve, say us. Then, again by
Observation 2 and K4-freeness of G, x5 is adjacent to vy, as shown in Figure 4.38. But
then, O} < G, a contradiction.

Figure 4.38: An example of the graph G in the proof of Observation 3 of Case 1.

Observation 4: Either u; or vy is adjacent to every internal vertex of P,. Respec-
tively, either us or vy is adjacent to every internal vertex of P;. Indeed, if other-
wise, then Observations 1 and 2 imply, without loss of generality, that there exist
z,y € V(P1) \ {u1,v1} such that =,y are adjacent to ug, vo, respectively. Hence,
O3, < G (see Figure 4.39).
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Figure 4.39: Two chords zus, yv, where x, y are internal vertices of P; in Observation
4 of Case 1.

Now, by Observation 3, we may assume that P is of length ;7 < 1. Then, by Ob-
servation 4, us or vg, say us, is adjacent to every internal vertex of P;. This implies
that every chord of C, except for vivs (if vo # uo), is incident to uo and hence us is a
P-apex vertex of G, a contradiction. This concludes Case 1.

Case 2: G has exactly 3 vertices u, v, w of degree 2. Note that, by Lemma 3.1.1, v, v, w
are simplicial.

Note that if all three vertices have pairwise disjoint closed neighbourhoods, then
0?, < G, which is a contradiction. Therefore, at least two of them, say u and v, have
non-disjoint neighbourhoods. We argue that the following holds:

Claim 2: Ng(u) N Ng(v) = {«} for some z € V(G).

Proof of Claim 2: Since u, v have non-disjoint neighbourhoods, then either Ng(u) N
Ng(v) = e for some edge e € E(G) or Ng(u) N Ng(v) = {z} for some vertex
xz € V(Q).

Suppose that Ng(u) N Ng(v) = {a, b} for some edge e = ab € E(G) and consider
any two internally vertex disjoint paths (which exist due to biconnectivity of G) from w
to, say, v. Observe that one of the paths contains a and the other contains b. Therefore,
Ky 3 < G, with {a, b} forming one part of the K3 3 minor and {u, v, w} forming the
other, a contradiction. Claim 2 follows.

By Claim 2, C'\ {u, v, w, x} is the union of two vertex disjoint paths Ry, Ry. We
can assume that u has a neighbor w; in Ry, v has a neighbor vy in Rs, and Ng(w) =
{wy,ws}, where wy € Ry and wy € Ry. By arguments identical to the proof of Claim
1 in Case 1, we have that every chord of C is between a vertex in Ry U {x} and a vertex
in Ry U {x}. Therefore, the structure of the graph G is as follows (Figure 4.40):

R
U1l 1
u ar T W
T I> w
vVe—e_______ ,*’wQ
V2
Ry

Figure 4.40: The structure of the graph G in Case 2 of Lemma 4.2.3.

We now observe the following about the paths R;, Rs:
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(751 Rl
u T - W
X x b w
v ve—e . __ -7 Wo
(%] R2

Figure 4.41: The two configurations of the chord not incident to x in the proof of Ob-
servation 5 of Case 2.

Observation 5: One of Ry, R, is of length 0. Indeed, suppose, towards a contradiction,
that both R;, Ry are of length at least 1. Then, since z is not a P-apex vertex of G,
there exists a chord e between a vertex in Ry and a vertex in Ry such that e £ wyws.
Then, if e is incident to wyws we have that 0%2 < @, while if e is disjoint from w; w9
we have that O2 < G, a contradiction in both cases (see Figure 4.41).

Figure 4.42: An example of the graph G in the last part of the proof of Lemma 4.2.3.

By Observation 5, we can assume that R, is of length 0, i.e. v = ws. Then,
every chord of C, except for zws, is between a vertex of R; and a vertex in {x, w2 }.
Then, since = and wy are not P-apex vertices of G there exist y, z (possibly with y =
z) internal vertices of R; incident to x and ws, respectively. Hence, Ofg < G (see
Figure 4.42), a contradiction. The proof of Lemma 4.2.3 is complete. O

We are now in position to prove Theorem 1.0.1.

Proof of Theorem 1.0.1. As we mentioned in the end of Chapter 1,
obs(A;(P)) 2 O and what remains is to prove that O 2O obs(A;(P)) or alternative
that ebs(.A; (P)) \ O = 0. For this assume, towards a contradiction, that there exists a
graph G € obs(A;(P))\ O. From Lemma 4.2.3, G should be triconnected. Therefore,
from Lemma 2.0.8, either O3 < G, a contradiction, or G is isomorphic to W,., for some
r > 3, again a contradiction, as W,. € A;(P) forall r > 3. O
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CHAPTER 3

CONCLUSION

In this thesis, we studied the structure of the obstructions for the class of apex pseudo-
forests and we achieved to identify the 33 obstructions of this class. We accomplished
our goal essentially by partitioning the obstruction set of .4, (P) with respect to con-
nectivity.

The identification of this obstruction set played a crucial role in finding the
obstruction set of a related minor-closed graph class, namely the apex sub-unicyclic
graphs [44]. The class of sub-unicyclic graphs, which we denote by S, is defined as
the class of all graphs that contain at most one cycle. The essential ingredient that
enabled us to use our result into finding the obstruction set of .4 (S) is the notion of
nearly-biconnected graphs and the observation that a nearly-biconnected obstruction
for A; (S) is also an obstruction for A, (P).

A possible extension of this thesis is to find the obstruction set of the class A (P)
for £ > 1 or an "algorithm" to generate them. As this seems very far-reaching, we
could instead bound the size of the obstructions of A (P), k& > 1. In this direction L.
Sau, G. Stamoulis, D. Thilikos [45] proved that for every minor-closed graph class G,

ly (k
2P0 y(k)

an obstruction of Ay (G) has size at most 22 , while in a follow up paper [46] they
provided an algorithm that, given a graph G on n vertices runs in 2P°%(¥) . n3_time and
certificates whether G is in Ay (G), where poly is a polynomial function whose degree
depends on the size of the minor-obstructions of G.

Another potential extension of the work presented here would be to examine the
growth of the cardinality of obs(.A(P)) as k increases. A possible route towards this
is to structurally characterise a certain subclass of obs(Ax(P)) and then enumerate it
by means of Analytic Combinatorics. For instance, in [44] it was given a lower bound
for the cardinality of obs(A(S)), by characterising and enumerating the cacti-subclass

of obs(Ax(S)).
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