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ABSTRACT

The purpose of this paper is to investigate whether a recently proposed infinite-valued
logic can lead to a novel, non-classical set theory. As in fuzzy set theory, the members
of a set in the proposed theory may have different degrees of participation, expressed
by different levels of truth values. But unlike in fuzzy set theory, the subset relation as
well as the union and intersection operations are defined in a lexicographic way with
respect to the truth values of elements in the involved sets. That is why we call the
sets of the proposed theory, lexicographic sets. We prove that many known properties
that apply to the classical set theory still apply to lexicographic sets. In addition, we
give indications that the proposed theory may have practical applications in areas of
Computer Science where the lexicographic relation plays a key role. More specifically,
using the proposed theory, we prove a generalized model intersection theorem for logic
programs with negation.





ΣΥΝΟΨΗ

Οστόχος της εργασίας αυτής είναι να διερευνήσει αν μια πρόσφατα προταθείσα απειρό-
τιμη λογική μπορεί να οδηγήσει σε μια νέα, μη κλασική θεωρία συνόλων. Όπως και
στην ασαφή θεωρία συνόλων (fuzzy set theory), τα μέλη ενός συνόλου στην προτεινό-
μενη θεωρία μπορούν να έχουν διαφορετικό βαθμό συμμετοχής που εκφράζεται με
διαφορετικά επίπεδα τιμών αλήθειας. Σε αντίθεση όμως με την ασαφή θεωρία συνόλων,
η σχέση υποσυνόλου καθώς και οι πράξεις της ένωσης και της τομής, ορίζονται με
λεξικογραφικό τρόπο σε σχέση με τις τιμές αλήθειας των στοιχείων των εμπλεκόμενων
συνόλων. Για το λόγο αυτό ονομάζουμε τα σύνολα της προτεινόμενης θεωρίας, λεξικο-
γραφικά σύνολα (lexicographic sets). Αποδεικνύουμε ότι πολλές γνωστές ιδιότητες
που ισχύουν στην κλασική θεωρία συνόλων εξακολουθούν να ισχύουν και για τα λεξικο-
γραφικά σύνολα. Επιπλέον, δίνουμε ενδείξεις ότι η προτεινόμενη θεωρία μπορεί να
έχει πρακτικές εφαρμογές σε περιοχές της Πληροφορικής όπου η λεξικογραφική διάτα-
ξη παίζει καθοριστικό ρόλο. Πιο συγκεκριμένα, χρησιμοποιώντας την προτεινόμενη
θεωρία, αποδεικνύουμε ένα γενικευμένο θεώρημα τομής μοντέλων για λογικά προγράμ-
ματα με άρνηση.
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CHAPTER1
INTRODUCTION

1.1 Motivation
The motivation for this thesis begins with the study of the declarative semantics of
logic programs. In the following we assume that the reader is familiar with partially or-
dered sets and particularly lattices (e.g. [1]) as well as with some basic notions regard-
ing logic programming, such as "atoms", "literals", "clauses", "head/body of a rule'',
"ground instantiations", "Herbrand Base", "Herbrand interpretations/models", "definite
programs", "negation-as-failure", etc. For an introduction to these notions the reader is
redirected to [5].

The declarative semantics of classical logic programs (i.e. definite programs, where
negation is not present in the body of any rule) was developed by van Emden andKowal-
ski in [7], and it is the result of an elegant fixed point theory that is mainly attributed to
the least fixed point theorem of Kleene as well as a weaker version of the well known
Knaster-Tarski theorem. The main concept of these semantics is as follows. Let P be
a definite program. Let BP denote the Herbrand Base of this program. The semantics
is based on the fact that the set 2BP , which is the set of all Herbrand interpretations of
the program, is a complete lattice under the partial order of set inclusion ⊆. The least
upper bound of any set of Herbrand interpretations is the union of all the interpretations
in the set and symmetrically the greatest lower bound is the intersection. The entire se-
mantics can be summed up in two major points. Firstly, the famous Model Intersection
Theorem states that the intersection of all Herbrand models of P is a model of P called
the least Herbrand model of P . This model is usually denoted byMP . Secondly,MP

is also characterized using fixed point techniques. An operator TP : 2BP 7→ 2BP is de-
fined, which is called the immediate consequence operator, which is monotonic as well
as continuous. It is then proved using the aforementioned fixed point theorems that TP

has a least fixed point which coincides with the least model MP . It is also proved that
MP is precisely the set of ground atoms which are logical consequences of P and thus
it is justifiably considered the intended model for P .

Unfortunately after introducing negation to logic programming, the classical tools
can no longer be used to define the semantics of logic programs. The major issue lies
in the fact that the immediate consequence operator TP loses its monotonicity in this
expanded formalism. Various attempts have been made to give semantics to logic pro-
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1.1. MOTIVATION

grams with negation. However most of these are not purely model theoretic in the
sense that the meaning of a program can not be computed just by considering its set of
models. That was the case until Rondogiannis and Wadge in [6], gave the first purely
model-theoretic characterization of the semantics of logic programs with negation-as-
failure allowed in clause bodies. In these semantics the meaning of a program is, just
as in the classical case, the unique minimum model in a novel ordering of a program's
interpretations.

The basic idea behind their approach, namely the infinite-valued semantics, is that
in order to obtain a minimum model semantics for logic programs with negation, it is
necessary to consider a refined multiple-valued logic which will allow the meaning of
negation-as-failure to be expressed properly. The logic of [6] contains one Fα and one
Tα for each countable ordinal α, and also an intermediate truth value denoted by 0. The
ordering of the truth values is as follows:

F0 < F1 < · · · < Fω < · · ·Fα < · · · < 0 < · · · < Tα < · · · < Tω < · · · < T1 < T0

F0 and T0 represent the classical False and True values, while 0 is the undefined value.
With this refined set of values, atoms in BP are no longer treated as being either True
or False. The ordinal indices of truth values now correspond to the level at which truth
or falsity holds. The definition of interpretations changes as well. An interpretation
of a program is extended to a function mapping atoms to truth values. Then, intu-
itively negation-as-failure is interpreted as follows. The more times an atom is negated
the closer it approaches the intermediate value 0. Finally a more refined ordering on
interpretations is used extending the subset⊆ relation that is used in the classical treat-
ment. This new ordering denoted byv∞, is a lexicographic-like relation that intuitively
gives a higher priority to atoms belonging in the lower stages (smaller ordinal indices)
than those belonging to upper stages. It is proven indirectly in [9], that the set of all
infinite-valued interpretations ordered byv∞ actually forms a complete lattice as in the
classical case. Finally using this extended formalism a Model Intersection Theorem is
proved. This theorem defines a procedure which starts with the set of all infinite-valued
models of a program and outputs a single model which is the minimum model with re-
spect to v∞. Also an immediate consequence operator TP is defined, which naturally
extends the classical definition. It is then proved that this TP does have a least fixed
pointwhich coincides with themodel produced by themodel intersection theorem, even
though the operator itself is not monotonic with respect to v∞.

The infinite-valued semantics gives rise to the ideas that wewill be examining in this
thesis. The basic idea stems from the fact that the relation v∞ seems to generalize the
classical subset relation ⊆ in the infinite-valued setting. Both the set of infinite-valued
models paired with v∞ and the set of classical Herbrand models paired with ⊆ form
complete lattices. Thus the following questions arise. Can we abstract away from the
logic programming specific definitions and define an extension of the classical notion of
set that looks like an infinite-valued interpretation? Also can we define a lexicographic
ordering like v∞ to be used as the subset relation for our novel extended concept of a
set? How would classical operations like the union, intersection and complement look
like in this extended setting? What properties might they possess? Will the classical
set theoretic properties hold in the extended setting?
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CHAPTER 1. INTRODUCTION

1.2 Brief history of set extensions
Various extensions to the classical definition of a set have been introduced throughout
the 20th century. The main goal of these extensions is to define mathematical frame-
works that can treat imprecision and ambiguity present in data. The oldest and most
well-known such extension is the fuzzy set concept that was introduced in parallel and
independently in 1965 by Lotfi A. Zadeh in [8] and Dieter Klaua. Dieter Klaua intro-
duced the concept of a many-valued set. These many-valued sets had the fuzzy sets of
Zadeh as a particular case. Zadeh's approach has been more influential, so from now
on we will focus on Zadeh's fuzzy set theory.

Formally, in a given universe of elements X , a fuzzy set A in X is characterized
by a membership function fA(x), which maps each element x ∈ X to a real number in
the interval [0, 1]. The value of fA(x) represents the "grade of membership" of x in A.
The nearer the value of fA(x) to unity, the higher the grade of membership of x in A.

A generalization of the notion of fuzzy set was introduced in 1967 by JosephGoguen,
who was a student of Zadeh, in [3]. This generalization is usually called an L-fuzzy set.
L-fuzzy sets generalize fuzzy sets by considering order structures beyond the unit in-
terval. An L-fuzzy set generalizes Zadeh's membership function to an arbitrary order
structure L and formally an L-fuzzy set is a function of the form A : X 7→ L. Usually
this order structure is required to be a partially ordered set. Also since asking what the
maximum and minimum values of a fuzzy set are seems rather important, it is more
commonly required that the partially ordered set is at least a complete lattice.

There are many more concepts similar to or more general than fuzzy sets. Some are
special cases of fuzzy sets that addmore constraints or change themembership function.
Others are entirely novel theories that try to mathematically model imprecision and
uncertainty in different ways. For a detailed introduction to such theories the reader is
redirected to [4].

The reader might have already suspected that the lexicographic set concept that we
develop in this thesis is a special case of the general L-fuzzy set. That is indeed the
case. In our case the order structure L will be the truth values used in the infinite-
valued semantics. But there is one important difference. In general, for L-fuzzy sets, it
is argued that, by considering a point-wise relation to compare elements in LX , many
special laws which holds for L will extend to LX . Then the focus is shifted to studying
the desired structure for L.

In this thesis we take a different approach. While we do consider the point-wise
relation as a possible subset relation for our lexicographic sets, our main focus is study-
ing another relation, which we call the lexicographic subset relation, which is directly
defined on lexicographic sets, and does not try to directly exploit the special structure
that the truth values of the infinite-valued semantics might have.

1.3 Thesis Goals
This thesis mainly focuses on answering the questions posed in section 1.1. More
specifically,

• We introduce an extension of the classical notion of a set, which we call a lexico-
graphic set by expanding the classical bivalent condition that assesses the mem-
bership of elements. The lexicographic set is represented by a function mapping
the elements of a given universe to an infinite number of possible membership

3



1.3. THESIS GOALS

values that will correspond to the truth values used in the infinite-valued seman-
tics. We also introduce appropriate definitions of the lexicographic subset rela-
tion, lexicographic union and intersection and lexicographic complement. We
also study various extensions of classical set-theoretic properties in this setting.

• We apply the new definitions, providing a proof for the Model Intersection theo-
rem of the infinite-valued approach using just the lexicographic intersection op-
eration. Actually we prove a slightly stronger result which states that the lexico-
graphic intersection of any non-empty collection of infinite-valued models of a
program is also a model of the program. Thus, we fully generalize the classical
Model Intersection Theorem.

4



CHAPTER2
LEXICOGRAPHIC SETS, DEFINITIONS AND

PROPERTIES

In this chapter we formally define lexicographic sets, appropriate subset relations, union,
intersection and complement definitions as well as examine a few properties they pos-
sess.

2.1 Lexicographic sets and basic definitions
Let κ be a limit ordinal. We will not explicitly define it for now. Also consider a non-
empty universe X of elements.

Definition 2.1. Set of truth values. We define:

V = {Fα | α < κ} ∪ {Tα | α < κ} ∪ {0}

to be the set of truth values. These truth values are ordered as follows. Consider ordinals
α < β < κ then Fα < Fβ and Tβ < Tα. Also (∀α) Fα < 0 and (∀α) 0 < Tα.

We define lexicographic sets as follows:

Definition 2.2. Lexicographic set. A lexicographic set is a total function mapping
elements of X to truth values in V . The set X = V X , which is the set of all total
functions A : X 7→ V is the set of all lexicographic sets.

Intuitively each truth value represents the degree at which an element belongs to
(Tα) or does not belong to (Fα) a lexicographic set. We use the intermediate truth
value 0 to express the concept of "undefined" or "unknown". A 0 value indicates that
the membership status of an element is unknown. E.g. let X = {a, b, c, d, e}. Then
A = {〈a, F0〉, 〈b, F1〉, 〈c, T2〉, 〈d, T0〉, 〈e, 0〉} ∈ X . So a is not a member of A, b is
not a member of A but not at the degree that a is not, while c is a member of A but
not at the degree that d is a member of A which is a member of A. Also the degree of
membership for e is undefined.

We define the order of truth values as follows:

5



2.2. SUBSET RELATIONS AND EQUALITY

Definition 2.3. Order of a truth value. Let α < κ be an ordinal. The order of a truth
value is defined as: order(Tα) = α, order(Fα) = α and order(0) = κ.

We also define the following:

Definition 2.4. Let A ∈ X be a lexicographic set. Let v ∈ V be a truth value. Then
A || v = {x ∈ X | A(x) = v}.

Definition 2.5. Level of a lexicographic set. Let A ∈ X be a lexicographic set. Let
α ≤ κ be an ordinal. Then A#α = {〈x, v〉 ∈ A | order(v) = α}.

In the next section we introduce two different definitions for the subset relation of
lexicographic sets.

2.2 Subset Relations and Equality
The most obvious way to define the subset relation would be to directly compare the
truth values assigned between two lexicographic sets per element inX .

We define the subset relation ≤, which we call the point-wise subset relation as
follows:

Definition 2.6. Point-wise subset relation. Let A,B ∈ X be two lexicographic sets.
Then:

A ≤ B ↔ (∀x ∈ X) A(x) ≤ B(x)

A not so obvious choice but a choice of great importance for this thesis, would be
to use the v∞ relation used to order infinite-valued interpretations in [6].

Let α < κ be an ordinal. First we define the equality relation =α of order α.

Definition 2.7. Equality relation =α of order α < κ. Let A,B ∈ X be two lexico-
graphic sets. Then:

A =α B ↔ (∀β ≤ α) A#β = B#β

Then we define the proper subset relation ⊏α of order α < κ as follows:

Definition 2.8. Proper subset relation ⊏α of order α < κ. Let A,B ∈ X be two
lexicographic sets. Then:

A ⊏α B ↔
(
(∀β < α) A =β B

)
∧

(
(A || Tα ⊂ B || Tα ∧ A || Fα ⊇ B || Fα) ∨
(A || Tα ⊆ B || Tα ∧ A || Fα ⊃ B || Fα)

)
Then we define the subset relation vα of order α < κ as follows:

Definition 2.9. Subset relationvα of orderα < κ. LetA,B ∈ X be two lexicographic
sets. Then:

A vα B ↔ A ⊏α B ∨ A =α B

Finally we define the subset relation v, which we call the lexicographic subset
relation as follows:

Definition 2.10. Lexicographic subset relation. Let A,B ∈ X be two lexicographic
sets. Then:

A v B ↔
(
(∃α < κ) A ⊏α B

)
∨ A = B

6



CHAPTER 2. LEXICOGRAPHIC SETS, DEFINITIONS AND PROPERTIES

2.2.1 Equality
In this subsection we define lexicographic set equality as well as provide a different but
equivalent characterization based on the equality relation=α of order α < κ, for when
two lexicographic sets are equal.

Definition 2.11. Lexicographic set equality. Let A,B ∈ X be lexicographic sets. We
say that A and B are equal, written as A = B, if and only if A(x) = B(x).

Lemma 2.12. Let A,B ∈ X be lexicographic sets. Then:

A = B ↔ (∀α < κ) A =α B

Proof. If A = B holds then trivially (∀α < κ) A =α B also holds. If (∀α < κ) A =α

B holds, then by definition of=α, for any x ∈ X such that order(A(x)) < κ, we have
thatA(x) = B(x). Then observe that for any x ∈ X such that order(A(x)) = κ, since
both A,B are total functions it must hold that A(x) = 0 = B(x). Then A = B.

Throughout this thesis we use the two equality definitions interchangeably without
further explanation.

2.2.2 A few properties
In [6] it is proven for infinite-valued models that I ≤ J → I v∞ J , where I, J are
infinite-valued interpretations. The proof still holds in this context and thus we have
the following lemma.

Lemma 2.13. Let A,B ∈ X be two lexicographic sets. Then:

A ≤ B → A v B

The opposite does not hold. For example consider X = {a, b}. Then let A =
{〈a, F0〉, 〈b, T1〉} and B = {〈a, T0〉, 〈b, F1〉}. It is easily seen that A v B but A ≰ B.

We prove the following lemma about the subset relation vα of order α < κ.

Lemma 2.14. The subset relation vα of order α < κ is a preorder.

Proof. Let A,B,C ∈ X be lexicographic sets.
First since A =α A, trivially A vα A holds and vα is reflexive.
Next assume that A vα B and B vα C. By definition of vα we have that for all

ordinals β < α, A =β B and B =β C. By definition of =β we have that A#β = B#β
and B#β = C#β which implies that A#β = C#β. By definition of =β we have that
A =β C. It remains to show thatA || Tα ⊆ C || Tα and thatA || Fα ⊇ C || Fα. Since
A vα B we have that A || Tα ⊆ B || Tα and A || Fα ⊇ B || Fα. Since B vα C we
have that B || Tα ⊆ C || Tα and B || Fα ⊇ C || Tα. Thus A || Tα ⊆ C || Tα and
A || Fα ⊇ C || Fα hold and by definition of vα we have that A vα C. Then vα is
transitive.

We also prove the following lemma about the lexicographic subset relation v.

7



2.3. UNION OPERATIONS

Lemma 2.15. The lexicographic subset relation v is a partial order.

Proof. Let A,B,C ∈ X be lexicographic sets.
First trivially since A = A, by definition of v we have that A v A and v is

reflexive.
Next assume that A v B and B v A while A 6= B. Let α < κ be the least ordinal

such that A#α 6= B#α. Then (∀β < α) A =β B. Since A v B, (∀β < α) A =β B
and A#α 6= B#α it must hold that A ⊏α B. But then the definition of ⊏α implies that
B ⊏α A cannot hold. Also since α < κ is the least ordinal such that A#α 6= B#α
then the the definition of ⊏β implies that for any ordinal β < κ, B ⊏β A cannot hold.
Then by definition of v, B v A cannot hold which contradicts our assumptions. Thus
A = B and v is antisymmetric.

Finally assume that A v B and B v C. If A = B then trivially A v C. Else if
B = C then trivially A v C. If A 6= B and B 6= C then by definition of v there exist
ordinals α, β < κ such that A ⊏α B and B ⊏β C. Let γ = min{α, β}. Then it holds
that A vγ B and B vγ C. By lemma 2.14, vγ is transitive and thus A vγ C. Finally
observe that if γ = α, A ⊏γ B, else if γ = β, B ⊏γ C. In either case, the definition
of vγ implies that A 6=γ C. Thus A ⊏γ C. By definition of v we have that A v C
and v is transitive.

In the next section we introduce two different definitions for the (generalized) union
relation of lexicographic sets.

2.3 Union operations
As expected, we define one (generalized) union operation for each of the subset rela-
tions ≤ and v. A natural way to define the union, that generalizes that of classical set
theory, would be to use the least upper bound under these relations.

2.3.1 Point-wise union
We define the (generalized) point-wise union with respect to ≤ as follows:

Definition 2.16. Point-wise union. Let S ⊆ X be a set of lexicographic sets. We define
the point-wise union of S as the least upper bound

∨
S of S under≤. Let x ∈ X , then:(∨

S
)
(x) = lub{A(x) | A ∈ S}

Remark. If S = ∅ then (∀x ∈ X)
(∨
S
)
(x) = F0, since by definition of lub we have

that lub ∅ = F0. As we will mention in a later section this is the ≤-minimum element
in X . This coincides with classical set theory where

∪
∅ = ∅ and ∅ is the ⊆-minimum

element.

Example 2.17. Let κ = ω, let X = {a} and S = {An | n < ω}, where An =
{〈a, Fn〉}. Then

∨
S = {〈a, lub{Fn | n < ω}〉} = {〈a, 0〉}.

2.3.2 Lexicographic union
In [9] it is proven that the set of infinite-valued interpretations paired with the relations
vα, where α < ω1, form a model of the Axioms presented in that paper. That proof

8



CHAPTER 2. LEXICOGRAPHIC SETS, DEFINITIONS AND PROPERTIES

immediately carries over to our setting. Thus we can use all the theoretical constructs
presented in that paper. Of particular interest is the fact that every non-empty set of
lexicographic sets S ⊆ X has a least upper bound under v which can be constructed
in steps.

Let α < κ be an ordinal and A ∈ X be a lexicographic set. We define:

(A]α = {B ∈ X | (∀β < α) A =β B}

Then let S ⊆ (A]α. We define
⊔

α S as follows. Let x ∈ X , then:

(⊔
α

S
)
(x) =


A(x), If order(A(x)) < α

Tα, If (∃B ∈ S) B(x) = Tα

Fα, If (∀B ∈ S) B(x) = Fα

Fα+1, otherwise

We now define the following sequence of lexicographic sets.

Definition 2.18. Let S ⊆ X be a set of lexicographic sets. We define a sequence of
lexicographic sets (Sα)α≤κ as follows. For all α < k we define:

Sα = {A ∈ S | (∀β < α) A =β Sβ}

Sα =

{⊔
α Sα, If Sα 6= ∅∨
β<α Sβ , If Sα = ∅

Then:
Sκ =

∨
α<κ

Sα

Intuitively the above definition defines an infinite number of approximations of the
least upper bound of the lexicographic sets in S. As it proceeds through the ordinals
α < κ, each approximation Sα builds upon the previous approximations, improving
the approximation, by constructing the α-th level to be an upper bound of the remaining
lexicographic sets inSα, as compact as possible, with respect to the lexicographic subset
relation v.

Let S ⊆ X be a set of lexicographic sets. Then:

S v A↔ (∀B ∈ S) B v A

We prove the following lemma.

Lemma 2.19. Let A ∈ X be a lexicographic set. Let S ⊆ (A]α for ordinal α < κ.
Then:

• S vα

⊔
α S

•
(
∀B ∈ (A]α

)
S vα B →

(⊔
α S vα B ∧

⊔
α S ≤ B

)
Proof. Since S ⊆ (A]α it holds that (∀B ∈ S)(∀C ∈ S)(∀β < α) B =β C. So by
the definition of

⊔
α, it holds that

⊔
α S =β B =β C. Then

⊔
α ∈ (A]α.

Let B ∈ S . We prove that B || Tα ⊆
⊔

α S || Tα and B || Fα ⊇
⊔

α S || Fα. Let
x ∈ X such that B(x) = Tα. By definition of

⊔
α it holds that

(⊔
α S

)
(x) = Tα. Let

9
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x ∈ X such that
(⊔

α S
)
(x) = Fα. Again by definition of

⊔
α it holds thatB(x) = Fα.

Thus it holds that S vα

⊔
α S.

Let B ∈ (A]α such that S vα B. We prove that
⊔

α S || Tα ⊆ B || Tα and⊔
α S || Fα ⊇ B || Fα. Let x ∈ X such that

(⊔
α S

)
(x) = Tα. Then by the definition

of
⊔

α there exists aC ∈ S such thatC(x) = Tα. Since S vα B, we have thatC vα B
and thus B(x) = Tα. Let x ∈ X such that B(x) = Fα. Since S vα B it is implied
that (∀C ∈ S) C(x) = Fα. So by definition of

⊔
α, it holds that

(⊔
α S

)
(x) = Fα.

So
⊔

α S vα B.
It remains to show that

⊔
α S ≤ B. Initially ∀β < α it holds that

⊔
α S =β B. Let

x ∈ X such that order(B(x)) ≥ α. We distinguish cases:

• IfB(x) = Tα then by the definition of
⊔

α either
(⊔

α S
)
(x) = Tα,

(⊔
α S

)
(x) =

Fα or
(⊔

α S
)
(x) = Fα+1. In any case

(⊔
α S

)
(x) ≤ B(x) holds.

• If B(x) = Fα then since
⊔

α S vα B it holds that
(⊔

α S
)
(x) = Fα. Thus(⊔

α S
)
(x) ≤ B(x).

• If Fα+1 ≤ B(x) ≤ Tα+1 then since S vα B it holds that (∀C ∈ S) Fα ≤
C(x) ≤ Tα+1. If (∀C ∈ S) C(x) = Fα then

(⊔
α S

)
(x) = Fα. If (∃C ∈

S) Fα+1 ≤ C(x) ≤ Tα+1 then by definition of
⊔

α,
(⊔

α S
)
(x) = Fα+1. In

either case
(⊔

α S
)
(x) ≤ B(x).

In any case it holds that
⊔

α S ≤ B.

The following theorem holds.

Theorem 2.20. Let S ⊆ X be a set of lexicographic sets. Let (Sα)α≤κ be a sequence
of lexicographic sets as in definition 2.18, defined on S. Then Sκ is the least upper
bound of S under the subset relation v.

Proof. See proof of Theorem 4.2 in [9].

We will denote the least upper bound of S under v by
⊔
S. Thus we define the

(generalized) lexicographic union with respect to v as follows:

Definition 2.21. Lexicographic union. Let S ⊆ X be a set of lexicographic sets. We
define the lexicographic union of S as the least upper bound

⊔
S of S under v.

Remark. As in the case of
∨
, if S = ∅ then Sκ = S0 =

∨
β<0 Sβ =

∨
∅. As before

(∀x ∈ X)
(∨
S
)
(x) = F0, since by definition of lub we have that lub ∅ = F0. Again

this coincides with classical set theory.

Example 2.22. Using κ,X and S as in example 2.17, the sequence (Sα)α≤ω is defined
as follows. For each α < ω we have Sα = {An ∈ S | α ≤ n} and Sα = {〈α, Fα+1〉}.
Then

⊔
S = Sω =

∨
α<ω Sα = {〈a, lub{Fα+1 | α < ω}〉} = {〈a, 0〉}.

2.3.3 Relationship between the two
In this subsection we determine the relationship between

∨
S and

⊔
S for a given set

of lexicographic sets S. We prove the following lemmas.

Lemma 2.23. Let S ⊆ X be a set of lexicographic sets. Then:⊔
S ≤

∨
S

10
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Proof. Let (Sα)α≤κ be the sequence of lexicographic sets such that
⊔
S = Sκ =∨

α<κ Sα. We prove that (∀α < κ) Sα ≤
∨
S. For α = 0 our claim holds (the proof

is similar to the induction step). Let 0 < α < κ be an ordinal such that (∀β < α) Sβ ≤∨
S. We distinguish cases:

• Sα =
⊔

α Sα. Initially it holds that (∀β < α) Sβ =β Sα. Thus let β =
order(Sα(x)) for any x ∈ X such that order(Sα(x)) < α. Then Sα(x) =
Sβ(x) ≤

(∨
S
)
(x) which holds by the hypothesis. Now let x ∈ X such that

order(Sα(x)) ≥ α. We distinguish cases:

– Sα(x) = Fα. Then by definition of
⊔

α, it holds that (∀A ∈ Sα) A(x) =
Fα. It also holds that Sα ⊆ S and thus (∀A ∈ Sα) A ≤

∨
S. So Sα(x) ≤(∨

S
)
(x) holds.

– Sα(x) = Tα. Then by definition of
⊔

α, it holds that (∃A ∈ Sα) A(x) =
Tα. Again since A ≤

∨
S it is implied that Sα(x) ≤

(∨
S
)
(x).

– Sα(x) = Fα+1. Then by definition of
⊔

α, it holds that (∀A ∈ Sα)A(x) 6=
Tα and (∃A ∈ Sα) A(x) 6= Fα. Let B ∈ Sα such that B(x) 6= Fα.
By definition of Sα it holds that (∀β < α) Sα =β Sβ =β B and thus
order(B(x)) ≥ α. Since B(x) 6= Tα and B(x) 6= Fα it is implied that
Fα+1 ≤ B(x) ≤ Tα+1. Since B ≤

∨
S it holds that Sα(x) ≤

(∨
S
)
(x).

• Sα =
∨

β<α Sβ . By the hypothesis it holds that (∀β < α) Sβ ≤
∨
S. By the

definition of
∨

it holds that Sα ≤
∨
S.

In any case it holds that Sα ≤
∨
S . Thus it holds that (∀α < κ) Sα ≤

∨
S and again

by the definition of
∨

it is implied that
⊔
S = Sκ ≤

∨
S.

Lemma 2.24. Let S ⊆ X be a set of lexicographic sets. Then:⊔
S v

∨
S

Proof. By lemma 2.23,
⊔
S ≤

∨
S . Then lemma 2.13 implies that

⊔
S v

∨
S.

Remark.
⊔
S =

∨
S does not hold in general. For example, let X = {a, b} and

S = {A,B}, where A = {〈a, T1〉, 〈b, F0〉}, B = {〈a, F0〉, 〈b, F1〉}. Then
∨
S =

{〈a, T1〉, 〈b, F1〉} while
⊔
S = {〈a, F1〉, 〈b, F1〉}.

In the next section we introduce the equivalent definitions regarding intersections
of lexicographic sets.

2.4 Intersection operations
As in the case of the union operations we define one (generalized) intersection operation
for each of the subset relations ≤ and v. Following the union definitions we use the
greatest lower bound under these relations, to define the intersection.

2.4.1 Point-wise intersection
We define the (generalized) point-wise intersection with respect to ≤ as follows:

11
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Definition 2.25. Point-wise intersection. Let S ⊆ X be a set of lexicographic sets. We
define the point-wise intersection of S to be the greatest lower bound

∧
S of S under

≤. Let x ∈ X , then: (∧
S
)
(x) = glb{A(x) | A ∈ S}

Remark. If S = ∅ then (∀x ∈ X)
(∧
S
)
(x) = T0, since by definition of glb we have

that glb ∅ = T0. As we will mention in a later section this is the ≤-maximum element
inX . This coincides with classical set theory where

∩
∅ represents the class containing

all sets.

Example 2.26. Let κ = ω, let X = {a} and S = {An | n < ω}, where An =
{〈a, Tn〉}. Then

∧
S = {〈a, glb{Tn | n < ω}〉} = {〈a, 0〉}.

2.4.2 Lexicographic intersection
In [9] it is proven that a model of the Axioms paired with the relation v is a complete
lattice and thus the existence of the greatest lower bound under v for any subset of
X is guaranteed. Nevertheless its definition is not explicitly stated. We define in a
symmetrical way to the least upper bound, the greatest lower bound under v. We also
prove that our definition indeed coincides with the greatest lower bound.

Let A ∈ X be a lexicographic set. Let S ⊆ (A]α for a given ordinal α < κ. Then
we define ⊔α S as follows. Let x ∈ X , then:

( ⊔
α

S
)
(x) =


A(x), If order(A(x)) < α

Fα, If (∃B ∈ S) B(x) = Fα

Tα, If (∀B ∈ S) B(x) = Tα

Tα+1, otherwise

As with the union, we define the following sequence of lexicographic sets.

Definition 2.27. Let S ⊆ X be a set of lexicographic sets. We define a sequence of
lexicographic sets (Sα)α≤κ as follows. For all α < k we define:

Sα = {A ∈ S | (∀β < α) A =β Sβ}

Sα =

{ ⊔α Sα, If Sα 6= ∅∧
β<α Sβ , If Sα = ∅

Then:
Sκ =

∧
α<κ

Sα

Intuitively, as in the case of the definition 2.18, the above definition defines an
infinite number of approximations of the greatest lower bound of the lexicographic sets
in S. As it proceeds through the ordinalsα < κ, each approximationSα builds upon the
previous approximations, improving the approximation, by constructing the α-th level
to be an upper bound of the remaining lexicographic sets in Sα, as tight as possible,
with respect to the lexicographic subset relation v.

Before we proceedwith the proof that the definition 2.27 indeed gives us the greatest
lower bound of S under v, we first establish a few important lemmas.

12
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Lemma 2.28. Let A ∈ S be a lexicographic set. Let S ⊆ (A]α for ordinal α < κ.
Then:

• ⊔α S vα S

•
(
∀B ∈ (A]α

)
B vα S →

(
B vα ⊔α S ∧ B ≤ ⊔α S)

Proof. Since S ⊆ (A]α it holds that (∀B ∈ S)(∀C ∈ S)(∀β < α) B =β C. So by
the definition of ⊔α, it holds that ⊔α S =β B =β C. Then ⊔α ∈ (A]α.

Let B ∈ S . We prove that ⊔α S || Tα ⊆ B || Tα and ⊔α S || Fα ⊇ B || Fα.
Let x ∈ X such that

( ⊔α S)(x) = Tα. By the definition of ⊔α it holds that B(x) =
Tα. Let x ∈ X such that B(x) = Fα. Again by the definition of ⊔α it holds that( ⊔α S)(x) = Fα. Thus it holds that ⊔α S vα S.

Let B ∈ (A]α such that B vα S. We prove that B || Tα ⊆ ⊔α S || Tα and
B || Fα ⊇ ⊔α S || Fα. Let x ∈ X such that B(x) = Tα. Then since B vα S
it is implied that (∀C ∈ S) C(x) = Tα. So by the definition of ⊔α, it holds that( ⊔α S)(x) = Tα. Let x ∈ X such that

( ⊔α S)(x) = Fα. By the definition of⊔α, there exists a C ∈ S such that C(x) = Fα. Since B vα C it must hold that
B(x) = Fα. So B vα ⊔α S.

It remains to show that B ≤ ⊔α S. Initially ∀β < α it holds that B =β ⊔α S. Let
x ∈ X such that order(B(x)) ≥ α. We distinguish cases:

• If B(x) = Tα then since B vα ⊔α S we have that
( ⊔α S)(x) = Tα. Thus

B(x) ≤
( ⊔α S)(x).

• IfB(x) = Fα then by the definition of ⊔α, either ( ⊔α )
(x) = Fα or

( ⊔α )
(x) =

Tα or
( ⊔α )

(x) = Tα+1. In any case B(x) ≤
( ⊔α S)(x) holds.

• If Fα+1 ≤ B(x) ≤ Tα+1 then since B vα S it holds that (∀C ∈ S) Fα+1 ≤
C(x) ≤ Tα. If (∀C ∈ S) C(x) = Tα then

( ⊔α S)(x) = Tα. If (∃C ∈
S) Fα+1 ≤ C(x) ≤ Tα+1 then by definition

( ⊔α S)(x) = Tα+1. In either case
B(x) ≤

( ⊔α S)(x).
In any case it holds that B ≤ ⊔α S.

Now let α < κ be an ordinal and A ∈ X be a lexicographic set. We define:

[A]α = {B ∈ X | (∀β ≤ α) A =β B}

Notice that [A]α ⊆ (A]α.

Lemma 2.29. Let α < κ be an ordinal. Let A ∈ X be a lexicographic set. Let
S ⊆ (A]α. Let B = ⊔α S. Then B is the ≤-maximum element of [B]α. Also B is
vα+1-maximum element of [B]α.

Proof. Let C ∈ [B]α. By definition of [B]α it holds that (∀β ≤ α) C =β A. Let
x ∈ X such that order(C(x)) > α. By definition of ⊔α S, B(x) = Tα+1 and thus
C(x) ≤ B(x). So C ≤ B holds and B is the ≤-maximum element of [B]α.

We prove now that C || Tα+1 ⊆ B || Tα+1 and C || Fα+1 ⊇ B || Fα+1. Let
x ∈ X such that C(x) = Tα+1. Since order(C(x)) > α it is immediately implied that
B(x) = Tα+1. In addition, by definition of ⊔α S it holds that B || Fα+1 = ∅, so the
second inclusion holds trivially. Thus C vα+1 B holds and B is vα+1-maximum in
[B]α.
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Lemma 2.30. Let (Aβ)β<α where α ≤ κ, be a sequence of lexicographic sets such
that Aγ =γ Aβ and Aβ ≤ Aγ for γ < β < α. Also let A =

∧
β<α Aβ . Then

(∀β < α) A =β Aβ .

Proof. If α = 0 our claim holds trivially. Let 0 < β < α be an ordinal such that
(∀γ < β) A =γ Aγ =γ Aβ . We distinguish two cases.

• Aβ#β = ∅. Then for any δ such that β < δ by the hypothesis we have that
Aδ#β = ∅. Also consider any δ such that δ < β with Aδ#β 6= ∅. Let x ∈ X .
Observe that order(A(x)) 6= β since Aβ ≤ Aδ and since Aβ#β = ∅ implies
order(Aβ(x)) 6= β. Thus A#β = ∅.

• Aβ#β 6= ∅. Let x ∈ X such that order(Aβ(x)) = β. For any δ such that δ < β
we have that Aβ(x) ≤ Aδ(x) by the hypothesis. Also for any δ such that β < δ
we have that Aβ(x) = Aδ(x) again by the hypothesis. Thus A(x) = Aβ(x) and
A#β = Aβ#β.

In any case A#β = Aβ#β. Then it holds that (∀β < α) A =β Aβ .

Lemma 2.31. Let (Aβ)β<α where α ≤ κ, be a sequence of lexicographic sets such
that Aβ =β Aγ for β < γ and ∀β < α Aβ is the ≤-maximum and a vβ+1-maximum
element of [Aβ ]β . Let B ∈ X be a lexicographic set such that (∀β < α) B vβ Aβ .
Also let A =

∧
β<α Aβ . Then B v A.

Proof. We first show that A is the ≤-maximum element and a vα-maximum in (A]α.
Since for all β < γ < α we have that Aβ =β Aγ it holds that [Aγ ]γ ⊆ [Aβ ]β . Also
since Aβ is the ≤-maximum element of [Aβ ]β and [Aγ ]γ ⊆ [Aβ ]β , Aγ ≤ Aβ holds.
Using lemma 2.30 we have that (∀β < α) A =β Aβ . Trivially A ∈ (A]α holds. Now
let C ∈ (A]α. By definition we have that A =β Aβ =β C for any β < α. Thus
(∀β < α) C ∈ [Aβ ]β and since Aβ is the ≤-maximum element of [Aβ ]β , C ≤ Aβ

holds. By the definition of
∧
, it is implied that C ≤ A. By Lemma 2.13 it holds

that C v A. This implies that C vα A since (∀β < α) C =β A. Thus A is the
≤-maximum and a vα-maximum in (A]α.

To complete the proof, we distinguish two cases. First, suppose that ∃β < α such
that B ⊏β Aβ . Then since A =β Aβ it is implied that B ⊏β A, so B v A holds.
Next, suppose that (∀β < α) B =β Aβ . Then B ∈ (A]α. Since A is the ≤-maximum
element of (A]α, B ≤ A holds and Lemma 2.13 implies that B v A.

We can now prove the following theorem.

Theorem 2.32. Let S ⊆ X be a set of lexicographic sets. Let (Sα)α≤κ be a sequence
of lexicographic sets as in definition 2.27, defined on S. Then Sκ is the greatest lower
bound of S under the subset relation v.

Proof. Initially we prove that Sβ =β Sα, for all β < α < κ by induction on α. Our
claim holds trivially for α = 0. Let 0 < α < κ and suppose that our claim holds for all
β < α. Let β < α be an ordinal. We distinguish two cases:

• Sα 6= ∅. Then Sα = ⊔α Sα. Let A ∈ Sα. By definition of Sα, A =β Sβ . Also
by Lemma 2.28, Sα vα A. This implies that Sα =β A and thus Sβ =β Sα.

• Sα = ∅. Observe that for any ordinals γ < δ < α the definitions of Sγ and
Sδ of definition 2.27 imply that Sδ ⊆ Sγ . Also by the induction hypothesis we
have that Sγ =γ Sδ and thus [Sδ]δ ⊆ [Sγ ]γ . By lemma 2.29 we have that Sγ is

14
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the ≤-maximum element of [Sγ ]γ and since Sδ ∈ [Sδ]δ , Sδ ≤ Sγ . Thus we can
assume that α is the least ordinal such that Sα = ∅ since for any γ > α it holds
that Sγ = ∅ and Sγ =

∧
δ<γ Sδ = Sα. Then we can apply lemma 2.30 which

implies that Sβ =β Sα.

From the previous induction we have that for any β < α < κ, Sβ =β Sα and it
also implies that Sα ≤ Sβ . Then lemma 2.30 also implies that (∀α < κ) Sα =α Sκ.

Let Sκ =
∩

α<κ Sα. We now proceed to show that either Sκ = ∅ or Sκ = {Sκ}.
Suppose that A ∈ Sκ. Then by definition of Sκ we have that (∀α < κ) A =α Sα =α

Sκ, which immediately implies that A = Sκ.
Now we prove that Sκ v S . Let A ∈ S . Either A ∈ Sκ or A /∈ Sκ. If A ∈ Sκ then

A = Sκ and Sκ v A since v is reflexive. If A /∈ Sκ, let α < κ be the largest ordinal
such that A ∈ Sα. Then Sα = ⊔α Sα and by lemma 2.28 Sα vα A. Since A /∈ Sα+1,
by definition of Sα+1, Sα 6=α A and thus Sα ⊏α A. Since Sα =α Sκ it holds that
Sκ v A.

Now consider any lower bound of S, i.e. any L ∈ X such that L v S . We prove
that L v Sκ. If Sκ 6= ∅ then our claim holds trivially since Sκ ∈ S . Suppose that
Sκ = ∅. Let α < κ be the least ordinal such that Sα = ∅. If such an ordinal does
not exist then let α = κ. We show by induction on β < α that either L vβ Sβ or
(∃γ < β) L ⊏γ Sγ .

• For β = 0, we have that S0 = ⊔0 S. Since L v S by definition of v, L v0 S
also holds. Then lemma 2.28 implies that L v0 S0.

• Let β > 0 and suppose our claim holds for any ordinal < β. If there exists
γ < β such that L ⊏γ Sγ we are done. Otherwise the induction hypothesis
implies that (∀γ < β) L vγ Sγ . Since (∀γ < β) L 6⊏γ Sγ it holds that
(∀γ < β) L =γ Sγ =γ Sβ . Since β < α we have that Sβ 6= ∅ and Sβ = ⊔β Sβ .
Since L v S and Sβ ⊆ S it holds that L v Sβ . Now let A ∈ Sβ . By the
definition of Sβ , we have that for all γ < β, A =γ Sγ . Since Sγ =γ Sβ it is
implied thatA =γ Sβ . Then sinceL =γ Sβ , we have thatL =γ A and thus since
L v Sβ it is implied that L vβ Sβ . Finally lemma 2.28 implies that L vβ Sβ .

To conclude the proof we observe the following. If (∃γ < α) L ⊏γ Sγ then
since Sγ =γ Sκ we have that L v Sκ. Otherwise our previous claim suggests that
(∀β < α) L vβ Sβ where Sα =

∧
β<α Sβ . We have previously proved that for any

γ < β < α, Sγ =γ Sβ and Sβ ≤ Sγ hold. By lemma 2.31 we have that L v Sα.
Since Sα = ∅ it holds that Sα = Sκ and thus L v Sκ.

We will denote the greatest lower bound of S under v by ⊔S. Thus we define the
(generalized) lexicographic intersection with respect to v as follows:

Definition 2.33. Lexicographic intersection. Let S ⊆ X be a set of lexicographic sets.
We define the lexicographic intersection of S to be the greatest lower bound ⊔S of S
under v.

Remark. As in the case of
∧
, if S = ∅ then Sκ = S0 =

∧
β<0 Sβ =

∧
∅. As before

(∀x ∈ X)
(∨
S
)
(x) = T0, since by definition of glb we have that glb ∅ = F0. Again

this coincides with classical set theory.

Example 2.34. Using κ,X and S as in example 2.26, the sequence (Sα)α≤ω is defined
as follows. For each α < ω we have Sα = {An ∈ S | α ≤ n} and Sα = {〈α, Fα+1〉}.
Then

⊔
S = Sω =

∨
α<ω Sα = {〈a, lub{Tα+1 | α < ω}〉} = {〈a, 0〉}.
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2.5. RELATIONSHIP BETWEEN THE LEXICOGRAPHIC UNION AND
INTERSECTION

2.4.3 Relationship between the two
In this subsection we determine the relationship between

∧
S and ⊔S for a given set

of lexicographic sets S, in the same sense as in the previous section. We prove the
equivalent lemmas.

Lemma 2.35. Let S ⊆ X be a set of lexicographic sets. Then:∧
S ≤ ⊔S

Proof. Let (Sα)α≤κ be the sequence of lexicographic sets such that ⊔S = Sκ =∧
α<κ Sα. We prove that (∀α < κ)

∧
S ≤ Sα. For α = 0 our claim holds (the

proof is similar to the induction step). Let 0 < α < κ be an ordinal such that (∀β <
α)

∧
S ≤ Sβ . We distinguish cases:

• Sα = ⊔α Sα. Initially it holds that (∀β < α) Sβ =β Sα. Thus let β =
order(Sα(x)) for any x ∈ X such that order(Sα(x)) < α. Then

(∧
S
)
(x) ≤

Sβ(x) = Sα(x) which holds by the hypothesis. Now let x ∈ X such that
order(Sα(x)) ≥ α. We distinguish cases:

– Sα(x) = Tα. Then by definition of ⊔α, it holds that (∀A ∈ Sα) A(x) =
Tα. It also holds that Sα ⊆ S and thus (∀A ∈ Sα)

∧
S ≤ A. So(∨

S
)
(x) ≤ Sα(x) holds.

– Sα(x) = Fα. Then by definition of ⊔α, it holds that (∃A ∈ Sα) A(x) =
Fα. Again since

∧
S ≤ A it is implied that

(∨
S
)
(x) ≤ Sα(x).

– Sα(x) = Tα+1. Then by definition of ⊔α, it holds that (∀A ∈ Sα)A(x) 6=
Fα and (∃A ∈ Sα) A(x) 6= Tα. Let B ∈ Sα such that B(x) 6= Tα.
By definition of Sα it holds that (∀β < α) B =β Sβ =β Sα and thus
order(B(x)) ≥ α. Since B(x) 6= Tα and B(x) 6= Fα it is implied that
Fα+1 ≤ B(x) ≤ Tα+1. Since

∧
S ≤ B it holds that

(∧
S
)
(x) ≤ Sα(x).

• Sα =
∧

β<α Sβ . By the hypothesis it holds that (∀β < α)
∧
S ≤ Sβ . By the

definition of
∧

it holds that
∧
S ≤ Sα.

In any case it holds that
∧
S ≤ Sα. Thus it holds that (∀α < κ)

∧
S ≤ Sα and again

by the definition of
∧

it is implied that
∨
S ≤ Sκ = ⊔S.

Lemma 2.36. Let S ⊆ X be a set of lexicographic sets. Then:∧
S v ⊔S

Proof. By lemma 2.35,
∧
S ≤ ⊔S. Then lemma 2.13 implies that∧S v ⊔S.

Remark. Just as in the case of the union,
∧
S = ⊔S does not hold in general. For

example, let X = {a, b} and S = {A,B}, where A = {〈a, F1〉, 〈b, T0〉}, B =
{〈a, T0〉, 〈b, T1〉}. Then

∧
S = {〈a, F1〉, 〈b, T1〉} while ⊔S = {〈a, T1〉, 〈b, T1〉}.

2.5 Relationship between the lexicographic union and
intersection

We prove the following simple lemma.
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Lemma 2.37. Let S ⊆ X be a set of lexicographic sets. Then:

⊔S v⊔
S

Proof. LetA ∈ S . It holds that ⊔S v A whileA v
⊔
S . By lemma 2.15, the relation

v is a partial order. Thus v is transitive. By transitivity of v, ⊔S v ⊔
S holds.

The above trivial property, was of course expected to hold.
In the next section we introduce a definition for the complement of a lexicographic

set along with some properties.

2.6 Complement operation
We start with some basic definitions.

Definition 2.38. Let A,B ∈ X be lexicographic sets. Then:

• A ∨B =
∨
{A,B} and similarly A tB =

⊔
{A,B}.

• A ∧B =
∧
{A,B} and similarly A uB = ⊔{A,B}.

We also define the following two lexicographic sets.

Definition 2.39. We define > (respectively ⊥) as follows: Let x ∈ X . Then >(x) =
T0 (respectively ⊥(x) = F0).

Lemma 2.40. > (respectively ⊥) is the maximum (minimum) element with respect to
the subset relation ≤.

Proof. Let A ∈ X be a lexicographic set. Let x ∈ X . By the ordering of the truth
values in V , we have that A(x) ≤ T0 = >(x). Thus A ≤ >. Symmetrically, ⊥(x) =
F0 ≤ A(x). Thus ⊥ ≤ A.

Lemma 2.41. > (respectively ⊥) is the maximum (minimum) element with respect to
the subset relation v.

Proof. Let A ∈ X be a lexicographic set. By lemma 2.40, A ≤ >. Then lemma 2.13
implies that A v >. In the same way ⊥ v A also holds.

2.6.1 Complement definition
Ideally we would want to introduce a definition for the complement operation that nat-
urally generalizes common properties that hold in the classical case.

Let A ∈ X be a lexicographic set. We symbolize its complement with A. Some
basic properties include:

• ⊥ = >

• > = ⊥

• (A) = A

If we want these properties to hold then defining the complement is straightforward.

17
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Definition 2.42. Lexicographic complement. Let A ∈ X be a lexicographic set. Let
x ∈ X . Then:

A(x) =


Tα, if A(x) = Fα

Fα, if A(x) = Tα

0, if A(x) = 0

It is trivial to show that the above properties hold.

2.6.2 Properties with respect to the point-wise relation
In this subsection we determine whether two other basic properties hold. Namely,

• A ∨A = >

• A ∧A = ⊥

with respect to the subset relation ≤.
In the context of lexicographic sets we can actually prove that the following strictly

more general properties. LetA ∈ X be a lexicographic set. We define the lexicographic
sets A⊤ and A⊥ as follows. Let x ∈ X . Then:

A⊥(x) =

{
0, If A(x) = 0

Forder(A(x)), otherwise

and

A⊤(x) =

{
0, If A(x) = 0

Torder(A(x)), otherwise

We now prove the following lemma.

Lemma 2.43. LetA ∈ X be a lexicographic set. ThenA∨A = A⊤ andA∧A = A⊥.

Proof. Let x ∈ X such that order(A(x)) = α < κ. Either A(x) = Tα or A(x) = Tα.
By definition (A ∨ A)(x) = lub{A(x), A(x)} = Tα. Also either A(x) = Fα or
A(x) = Fα. By definition (A ∧ A)(x) = glb{A(x), A(x)} = Fα. Let x ∈ X such
that order(A(x)) = κ. Then trivially (A ∨A)(x) = 0 and (A ∧A)(x) = 0.

Remark. Note that the lexicographic set A⊤ may not coincide with > while A⊥ may
not coincide with ⊥. This is a property that strictly generalizes the classical properties
where A ∪A = U and A ∩A = ∅ for a classical set A in some universe U .

In the context of lexicographic sets another classical property can be strictly gen-
eralized. In the classical case it holds that ∅ ⊆ ∅ = U for some universe U . For any
other arbitrary set A, where A 6= ∅ and A 6= U , it holds that A 6⊆ A and A 6⊆ A. Thus
the property A ⊆ A holds only for a single set, namely the empty set. However the
following lemma holds in the context of lexicographic sets.

Lemma 2.44. There exists a collectionA of lexicographic sets with cardinality at least
κ, such that for any A ∈ A it holds that A ≤ A.

Proof. Let α < κ be an ordinal. Then we define a lexicographic setAα as follows. For
any x ∈ X , Aα(x) = Fα. Now let A = {Aα | α < κ}. Observe that Aα ≤ Aα holds.
Also trivially the cardinality of A is κ.

18
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2.6.3 Properties with respect to the lexicographic relation
As in the previous subsection we determine whether the following properties hold,

• A tA = >

• A uA = ⊥

with respect to the subset relation v.
Aswith the relation≤, we can actually prove that the following strictlymore general

properties. LetA ∈ X be a lexicographic set. We define the lexicographic setsA⊤ and
A⊥ as follows.

Let x ∈ X and µ ≤ κ be the least ordinal such that A#µ 6= ∅. Then:

A⊤(x) =



Tµ, If order(A(x)) = µ < κ

0, If order(A(x)) = µ = κ

A(x), If order(A(x)) > µ and A =µ A⊤

A(x), If order(A(x)) > µ and A =µ A⊤

Fµ+1, otherwise

Symmetrically,

A⊥(x) =



Fµ, If order(A(x)) = µ < κ

0, If order(A(x)) = µ = κ

A(x), If order(A(x)) > µ and A =µ A⊥

A(x), If order(A(x)) > µ and A =µ A⊥

Tµ+1, otherwise

We now prove the following lemma.

Lemma 2.45. LetA ∈ X be a lexicographic set. ThenAtA = A⊤ andAuA = A⊥.

Proof. We prove that A t A = A⊤. Let (Sα)α≤κ be the sequence of elements such
that Sκ = A t A. Initially we know that for any β < α, Sβ =β Sα and Sβ ≤ Sα. We
prove that A t A = A⊤ by showing that (∀α < κ) Sα =α A⊤. We prove our claim
by induction on α < κ.

Let α < µ < κ and suppose that for any β < α, Sβ =β A⊤. By definition of
A⊤ we have that Sβ =β A. By definition of µ we also have that A =β A. Thus the
definition of Sα implies that Sα = {A,A}. Then Sα =

⊔
α Sα. Since A =α A the

definition of
⊔

α implies that Sα =α A. Since A =α A⊤ we have that Sα =α A⊤.
Let α = µ < κ and suppose that for any β < α, Sβ =β A⊤. By definition

of A⊤ and µ, for any β < α we have that Sβ =β A =β A. Then by definition
of Sα, Sα = {A,B} and Sα =

⊔
α Sα. It suffices to show that Sα#α = A⊤#α.

Observe that A⊤(x) = Tα iff order(A(x)) = α iff A(x) = Tα or A(x) = Tα iff
(∃B ∈ Sα) B(x) = Tα iff Sα(x) = Tα. This is implied by the definition of

⊔
α. Thus

Sα =α A⊤.
Let µ < α < κ and suppose that for any β < α, Sβ =β A⊤. We distinguish cases:

• Sα 6= ∅. Then either A ∈ Sα or A ∈ Sα but not both since A 6=µ A. Also
Sα =

⊔
α S. In the first case, by the definition of

⊔
α, trivially Sα =α A. By the

induction hypothesis Sµ =µ A⊤ and since Sµ =µ A we have that A⊤ =µ A.
Then the definition of A⊤ implies that A⊤ =α A. Similarly when A ∈ Sα.
Finally Sα =α A⊤ holds.
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• Sα = ∅. Then let β = µ + 1. Observe that β is the least ordinal such that
Sβ = ∅. This holds since by definition of µ and the complement, A 6=µ A.
This implies that Sβ = {A} or Sβ = {A} or Sβ = ∅. Observe that if Sβ is a
singleton then Sα = Sβ . Thus Sβ = ∅. Since for any γ < µ, Sγ ≤ Sµ then
Sα =

∨
β<α Sβ = Sµ. By the definition of

⊔
µ, the definition of A⊤ and the

induction hypothesis, if α = β we have that Sα =α A⊤. Otherwise we have that
Sα#α = A⊤#α = ∅. In any case Sα =α A⊤ holds.

Thus (∀α < κ) Sα =α A⊤. Since (∀α < κ) Sα =α Sκ we have that A t A = A⊤.
The proof for A uA = A⊥ is symmetrical and is omitted.

Remark. Note that as in the case of the point-wise relation, the lexicographic set A⊤
may not coincide with > while A⊥ may not coincide with ⊥. This is a property that
strictly generalizes the classical properties where A ∪ A = U and A ∩ A = ∅ for a
classical set A in some universe U .

As in the case of the point-wise relation, the following lemma also holdswith respect
to the lexicographic subset relation.

Lemma 2.46. There exists a collectionA of lexicographic sets with cardinality at least
κ, such that for any A ∈ A it holds that A v A.

Proof. Define A as in the proof of lemma 2.44.

In the next section we prove equivalent laws for this context to De Morgan laws in
classical set theory.

2.7 De Morgan Laws
In this section we prove equivalent laws to De Morgan laws for the two subset relations
we have defined.

Let S ⊆ X be a set of lexicographic sets. For what follows in this section, S is
interpreted as S = {A | A ∈ S}.

2.7.1 De Morgan laws with respect to the point-wise relation
Let Fα = Tα and Tα = Fα. Also if W ⊆ V then W = {v | v ∈ W}. We first prove
the following lemma.

Lemma 2.47. LetW ⊆ V be a subset of the set of truth values. Then:

lub W = l↔ glb W = l

Proof. We first show that k is an upper bound of W if and only if k is a lower bound
ofW . Let v ∈W . We know that v ≤ k. We distinguish cases:

• Suppose that k = Fα for some α < κ. Then k = Tα.

– If v = Fβ for some β ≤ α. Then v = Tβ . By the ordering of truth values
k ≤ v.

• Suppose that k = 0. Then k = 0.
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– If v = Fβ for some β < κ. Then v = Tβ . By the ordering of truth values
k ≤ v.

– If v = 0. Then v = 0 and trivially k ≤ v.

• Suppose that k = Tα for some α < κ. Then k = Fα.

– If v = Tβ for some α ≤ β < κ. Then v = Fβ . By the ordering of truth
values k ≤ v.

– If v = 0. Then v = 0. By the ordering of truth values k ≤ v.
– If v = Fβ for arbitrary β < κ. Then v = Tβ . Trivially k ≤ v.

Next we prove that lub W = l ↔ glb W = l. Let l = lub W . If l ∈ W then trivially
l ∈W and l = glb W .

Suppose now that l /∈W . From the previous claim we have that l is a lower bound
of W . Suppose to the contrary that glb W 6= l. Let g = glb W . Then it must hold
that l < g. From the previous claim g must also be an upper bound of W . This is a
contradiction since l = lub W while g < l.

For all the statements above, the other direction is symmetrical.

We can now proceed with the main lemmas.

Lemma 2.48. Let S ⊆ X be a set of lexicographic sets. Then:∨
S =

∧
S

Proof. Let x ∈ X .
(∨
S
)
(x) = Tα if and only if

(∨
S
)
(x) = Fα if and only if

lub{A(x) | A ∈ S} = Fα if and only if (holds using lemma 2.47) glb{B(x) | B ∈
S} = Tα if and only if

(∧
S
)
(x) = Tα. In exactly the same way,

(∨
S
)
(x) = Fα if

and only if
(∧
S
)
(x) = Fα and

(∨
S
)
(x) = 0 if and only if

(∧
S
)
(x) = 0.

Lemma 2.49. Let S ⊆ X be a set of lexicographic sets. Then:∧
S =

∨
S

Proof. Consider the complement of
∨
S. By lemma 2.48

∨
S =

∧
S. By the comple-

ment's definition
∧
S =

∨
S holds.

2.7.2 De Morgan laws with respect to the lexicographic relation
In this subsection we prove the equivalent lemmas for the v subset relation.

Lemma 2.50. Let S ⊆ X be a set of lexicographic sets. Then:⊔
S = ⊔S

Proof. Let (Sα)α≤κ be the sequence of elements such that
⊔
S = Sκ =

∨
α<κ Sα and

(Uα)α≤κ be the sequence of elements such that ⊔S = Uκ =
∧

α<κ Uα.
First we show that (∀α < κ) Sα = Uα. We prove the previous claim by induction

on α.
Let α = 0. We have that S0 = S and S0 =

⊔
0 S0. Also U0 = S and U0 = ⊔0 U0.

By complement's definition S0 = U0. Let x ∈ X . We have that S0(x) = T0 iff
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(∃A ∈ S0) A(x) = T0 iff (∃B ∈ U0) B(x) = F0 iff U0(x) = F0. Also S0(x) = F0

iff (∀A ∈ S0) A(x) = F0 iff (∀B ∈ U0) B(x) = T0 iff U0(x) = T0. Finally S0(x) =
Fα+1 iff (∀A ∈ S0) A(x) 6= T0 and (∃A ∈ S0) A(x) 6= F0 iff (∀B ∈ U0) B(x) 6= F0

and (∃B ∈ U0) B(x) 6= T0 iff U0(x) = Tα+1. Thus by complement's definition,
S0 = U0 holds.

Let 0 < α < κ and suppose that our claim holds for all β < α. First we show
that Sα = Uα. We have that A ∈ Sα iff (∀β < α) A =β Sβ and A ∈ S iff (by the
induction hypothesis) (∀β < α) A =β Uβ and A ∈ S iff (by complement's definition)
(∀β < α) A =β Uβ and A ∈ S iff A ∈ Uα. Thus Sα = Uα. Now we show that
Sα = Uα. We distinguish cases:

• Sα = Uα 6= ∅. Then Sα =
⊔

α Sα and Uα = ⊔α Uα. Since Sβ =β Sα and
Uβ =β Uα, by the induction hypothesis it holds that Sα =β Uα for all β < α.
Then by the definition of

⊔
α and ⊔α it suffices to show that Sα#α = Uα#α and

Sα#(α + 1) = Uα#(α + 1). Since Sα = Uα the proof of the induction base
applies directly.

• Sα = Uα = ∅. Then Sα =
∨

β<α Sβ and Uα =
∧

β<α Uβ . Using lemma
2.48 and the induction hypothesis we have that Sα =

∨
β<α Sβ =

∧
β<α Sβ =∧

β<α Uβ = Uα.

Thus (∀α < κ) xα = yα holds. Finally using lemma 2.48 we derive that:⊔
S =

∨
α<κ

Sα =
∧
α<κ

Sα =
∧
α<κ

Uα = ⊔S

Lemma 2.51. Let S ⊆ X be a set of lexicographic sets. Then:

⊔S =
⊔
S

Proof. Consider the complement of
⊔
S. By lemma 2.50

⊔
S = ⊔S. By the comple-

ment's definition ⊔S =
⊔
S holds.

2.8 Binary union and intersection properties
In this section we examine whether more classical properties of the union and inter-
section of lexicographic sets hold. First we simplify the binary union and intersection
definitions.

We prove the following lemmas.

Lemma 2.52. Let A,B ∈ X be two lexicographic sets. Let x ∈ X . Then:

(A ∨B)(x) = max{A(x), B(x)}

Symmetrically,
(A ∧B)(x) = min{A(x), B(x)}

Proof. Directly implied by definition 2.38 and the definitions of
∨
(see definition 2.16)

and
∧

(see definition 2.25).
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Lemma 2.53. Let A,B ∈ X be two lexicographic sets. Let µ < κ be the least ordinal
such that A 6=µ B. We define the lexicographic sets U and I as follows. If µ exists, let
x ∈ X . Then:

U(x) =



A(x), If order(A(x)) < µ

Tµ, x ∈ A || Tµ ∪B || Tµ

Fµ, x ∈ A || Fµ ∩B || Fµ

A(x), If order(A(x)) > µ and A =µ U

B(x), If order(B(x)) > µ and B =µ U

Fµ+1, otherwise

and

I(x) =



A(x), If order(A(x)) < µ

Tµ, x ∈ A || Tµ ∩B || Tµ

Fµ, x ∈ A || Fµ ∪B || Fµ

A(x), If order(A(x)) > µ and A =µ I

B(x), If order(B(x)) > µ and B =µ I

Tµ+1, otherwise

Else If µ does not exist then U = I = A = B. Then A tB = U and A uB = I .

Proof. First if µ does not exist then trivially A t B = A u B = A = B = U = I .
Suppose that µ exists. Let (Sα)α≤κ be a sequence of lexicographic sets as in definition
2.18 such that Sκ = A t B. We prove that A t B = U by showing that (∀α <
κ) Sα =α U .

Initially we know that for any β < α, Sβ =β Sα and Sβ ≤ Sα. We prove our claim
by induction on α < κ.

Let α < µ and suppose that for any β < α, Sβ =β U . By definition of U we have
that Sβ =β A. By definition of µ we also have thatA =β B. Thus the definition of Sα
implies that Sα = {A,B}. Then Sα =

⊔
α Sα. Since A =α B the definition of

⊔
α

implies that Sα =α A. Since A =α U we have that Sα =α U .
Let α = µ and suppose that for any β < α, Sβ =β U . By definition of U and µ,

for any β < α we have that Sβ =β A =β B. Then by definition of Sα, Sα = {A,B}
and Sα =

⊔
α Sα. It suffices to show that Sα#α = U#α. Observe that U(x) = Tα iff

x ∈ A || Tα∪B || Tα iff (∃B ∈ Sα)B(x) = Tα iff Sα(x) = Tα. Also U(x) = Fα iff
x ∈ A || Fα ∩ B || Tα iff (∀B ∈ Sα) B(x) = Fα iff Sα(x) = Fα. Both are implied
by the definition of

⊔
α. Thus Sα =α U .

Let µ < α < κ and suppose that for any β < α, Sβ =β U . We distinguish cases:

• Sα 6= ∅. Then either A ∈ Sα or B ∈ Sα but not both since A 6=µ B. Also
Sα =

⊔
α S. In the first case, by the definition of

⊔
α, trivially Sα =α A. By

the induction hypothesis Sµ =µ U and since Sµ =µ A we have that U =µ A.
Then the definition of U implies that U =α A. Similarly when B ∈ Sα. Finally
Sα =α U holds.

• Sα = ∅. Then let β = µ+1. Observe that β is the least ordinal such that Sβ = ∅.
This holds since by definition of µ, A 6=µ B. This implies that Sβ = {A} or
Sβ = {B} or Sβ = ∅. Observe that if Sβ is a singleton then Sα = Sβ . Thus
Sβ = ∅. Since for any γ < µ, Sγ ≤ Sµ then Sα =

∨
β<α Sβ = Sµ. By the
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definition of
⊔

µ, the definition of U and the induction hypothesis, if α = β we
have that Sα =α U . Otherwise we have that Sα#α = U#α = ∅. In any case
Sα =α U holds.

Thus (∀α < κ) Sα =α U . Since (∀α < κ) Sα =α Sκ we have that A t B = U . The
proof for A uB = I is symmetrical and is omitted.

We continue by studying some classical properties.

2.8.1 Properties of the point-wise definitions
Lemma 2.54. Let A,B,C ∈ X be lexicographic sets. Then:

A ∨ (B ∨ C) = (A ∨B) ∨ C and A ∧ (B ∧ C) = (A ∧B) ∧ C

Proof. Let x ∈ X . From lemma 2.52 we have that:

(A ∨ (B ∨ C))(x) = max{A(x), (B ∨ C)(x)}
= max{A(x),max{B(x), C(x)}}
= max{A(x), B(x), C(x)}
= max{max{A(x), B(x)}, C(x)}
= max{(A ∨B)(x), C(x)}
= ((A ∨B) ∨ C)(x)

The proof for (A∧ (B ∧C))(x) = ((A∧B)∧C)(x) is symmetrical. Thus the desired
properties hold.

Lemma 2.55. Let A,B ∈ X be lexicographic sets. Then:

A ∨B = B ∨A and A ∧B = B ∧A

Proof. Directly implied by lemma 2.52.

Lemma 2.56. Let A,B,C ∈ X be lexicographic sets. Then:

A ∨ (B ∧ C) = (A ∨B) ∧ (A ∨ C) and A ∧ (B ∨ C) = (A ∧B) ∨ (A ∧ C)

Proof. Let x ∈ X . First observe that

min{B(x), C(x)} ≤ max{B(x), C(x)}

holds and it in turn implies that

max{A(x),min{B(x), C(x)}} ≤ max{A(x),max{B(x), C(x)}}

Then using lemma 2.52 we have that:

((A ∨B) ∧ (A ∨ C))(x) = min{(A ∨B)(x), (A ∨ C)(x)}
= min{max{A(x), B(x)},max{A(x), C(x)}}
= min{max{A(x),min{B(x), C(x)}},
max{A(x),max{B(x), C(x)}}}
= max{A(x),min{B(x), C(x)}}
= max{A(x), (B ∧ C)(x)}
= (A ∨ (B ∧ C))(x)
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Thus A∨ (B ∧C) = (A∨B)∧ (A∨C) holds. We can prove the second identity in a
symmetrical way.

Lemma 2.57. Let A ∈ X be a lexicographic set. Then:

A ∨ ⊥ = A and A ∧ > = A

Proof. By lemma 2.40, ⊥ is the minimum element with respect to ≤ and thus ⊥ ≤ A.
Since we have defined ∨ as the least upper bound with respect to ≤ it is implied that
A ∨ ⊥ = A.

Symmetrically, > is the maximum element with respect to ≤ and thus A ≤ >.
Since we have defined ∧ as the greatest lower bound with respect to≤ it is implied that
A ∧ > = A.

Lemma 2.58. Let B ∈ X be a lexicographic set. Then if, for all A ∈ X , A ∨B = A,
then B = ⊥. Additionally if, for all A ∈ X , A ∧B = A, then B = >.

Proof. Let A ∈ X . Since A ∨ B = A (A ∧ B = A) and ∨ (∧) is the lub (glb) with
respect to ≤ it is implied that B ≤ A (A ≤ B). Then it is implied that for all A ∈ X ,
B ≤ A (A ≤ B). Then it holds that B ≤ ⊥ (> ≤ B). By lemma 2.40 it also holds
that ⊥ ≤ B (B ≤ >). Since ≤ is antisymmetric it holds that B = ⊥ (B = >).

Lemma 2.59. Let A,B ∈ X be lexicographic sets. If there exists a C ∈ X such that
A ∨B = C and A ∧B = C, then B = A.

Proof. Let x ∈ X . Then using lemma 2.52 we have that max{A(x), B(x)} = C(x)
and min{A(x), B(x)} = C(x). This directly implies that B(x) = A(x). By the
complement's definition we have that B = A.

Remark. Lemma 2.59 generalizes the classical property when C = > and C = ⊥.

Lemma 2.60. Let A ∈ X be a lexicographic set. Then:

A ∨A = A and A ∧A = A

Proof. Directly implied by lemma 2.52.

Lemma 2.61. Let A ∈ X be a lexicographic set. Then:

A ∨ > = > and A ∧ ⊥ = ⊥

Proof. By lemma 2.40, > is the maximum element with respect to ≤ and thus A ≤ >.
Since we have defined ∨ as the least upper bound with respect to ≤ it is implied that
A ∨ > = >.

Symmetrically, ⊥ is the minimum element with respect to ≤ and thus ⊥ ≤ A.
Since we have defined ∧ as the greatest lower bound with respect to≤ it is implied that
A ∧ ⊥ = ⊥.

Lemma 2.62. Let A,B ∈ X be lexicographic sets. Then:

A ∨ (A ∧B) = A and A ∧ (A ∨B) = A

Proof. Let x ∈ X . By lemma 2.52 we have that (A∨ (A∧B))(x) = max{A(x), (A∧
B)(x)} = max{A(x),min{A(x), B(x)}}. Observe that whether A(x) ≤ B(x) or
B(x) ≤ A(x), (A ∨ (A ∧ B))(x) = A(x). Thus A ∨ (A ∧ B) = A. Symmetrically
A ∧ (A ∨B) = A holds as well.
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Lemma 2.63. Let A,B ∈ X be lexicographic sets. Then:

A ∨B = A ∧B and A ∧B = A ∨B

Proof. Directly implied by lemmas 2.48 and 2.49.

Lemma 2.64. Let A,B ∈ X be lexicographic sets. The following statements are
equivalent:

1. A ≤ B

2. A ∧B = A

3. A ∨B = B

Proof. 1 implies 2. Assume that A ≤ B. Then A ∧ B = A is directly implied since
we have defined ∧ as the greatest lower bound with respect to ≤.

2 implies 3. Assume that A∧B = A. Then A∨B = (A∧B)∨B = B by lemma
2.62.

3 implies 1. Assume that A ∨ B = B. Then since A ≤ A ∨ B we have that
A ≤ B.

2.8.2 Properties of the lexicographic definitions
Lemma 2.65. Let A,B,C ∈ X be lexicographic sets. If A v C and B v C then,

A tB v C

Also if C v A and C v B then,

C v A uB

Proof. Since we have defined t as the least upper bound with respect to v it implied
that, A tB v C.

Symmetrically, since we have defined u as the greatest lower bound with respect to
v, it is implied that C v A uB.

Lemma 2.66. Let A,B,C ∈ X be lexicographic sets. Then:

A t (B t C) = (A tB) t C and A u (B u C) = (A uB) u C

Proof. We prove the first property. The proof for the other one is symmetrical.
First we trivially have that A v A t (B tC) and that B tC v A t (B tC). We

also have thatB v BtC and thatC v BtC. Sincev is transitive,B v At(BtC)
and C v At (B tC) hold. Using lemma 2.65 we get that AtB v At (B tC) and
with another iteration that (A tB) t C v A t (B t C).

Next we have that A t B v (A t B) t C and that C v (A t B) t C. We also
have that A v A t B and that B v A t B. Since v is transitive, A v (A t B) t C
and B v (AtB)tC hold. Using lemma 2.65 we get that B tC v (AtB)tC and
with another iteration that A t (B t C) v (A tB) t C.

Since v is antisymmetric it holds that A t (B t C) = (A tB) t C.
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Lemma 2.67. There exists a universeX and lexicographic setsA,B,C ∈ X such that:

A t (B u C) 6= (A tB) u (A t C) and A u (B t C) 6= (A uB) t (A u C)

Proof. Let X = {a, b, c, d, e}. Then let:

A = {〈a, T0〉, 〈b, T0〉, 〈c, F0〉, 〈d, F0〉, 〈e, T2〉}
B = {〈a, T0〉, 〈b, F0〉, 〈c, T0〉, 〈d, F0〉, 〈e, T3〉}
C = {〈a, T0〉, 〈b, F0〉, 〈c, F0〉, 〈d, T0〉, 〈e, T4〉}

Then:

B u C = {〈a, T0〉, 〈b, F0〉, 〈c, F0〉, 〈d, F0〉, 〈e, T1〉}
A t (B u C) = {〈a, T0〉, 〈b, T0〉, 〈c, F0〉, 〈d, F0〉, 〈e, T2〉}

Also:

A tB = {〈a, T0〉, 〈b, T0〉, 〈c, T0〉, 〈d, F0〉, 〈e, F1〉}
A t C = {〈a, T0〉, 〈b, T0〉, 〈c, F0〉, 〈d, T0〉, 〈e, F1〉}

(A tB) u (A t C) = {〈a, T0〉, 〈b, T0〉, 〈c, F0〉, 〈d, F0〉, 〈e, T1〉}

Observe that A t (B u C) 6= (A t B) u (A t C). Also by complement's definition
it also holds that A t (B u C) 6= (A tB) u (A t C). By lemma 2.76 we have that
A t (B u C) = A u (B u C) = A u (B t C) and (A tB) u (A t C) = (A tB) t
(A t C) = (A uB) t (A u C) Thus the second claim also holds.

Remark. Unfortunately lemma 2.67 implies that the classical distributive laws do not
apply in general for the lexicographic union and intersection.

Nevertheless the following lemma does hold.

Lemma 2.68. Let A,B,C ∈ X be lexicographic sets. Then:

A t (B u C) v (A tB) u (A t C) and (A uB) t (A u C) v A u (B t C)

Proof. We first prove that A t (B u C) v (A t B) u (A t C). It holds that A v
A t B,A t C. Then lemma 2.65 implies that A v (A t B) u (A t C). Also B v
A t B and C v A t C. Since B u C v B,C by transitivity of v, we have that
B uC v AtB,AtC. Then lemma 2.65 implies that B uC v (AtB)u (AtC).
By applying lemma 2.65 once more, we get that A t (B u C) v (A tB) u (A t C).

In a similar fashion we prove that (A u B) t (A u C) v A u (B t C). It holds
that AuB,AuC v A. Then lemma 2.65 implies that (AuB)t (AuC) v A. Also
A u B v B and A u C v C. Since B,C v B t C by transitivity of v, we have that
AuB,AuC v BtC. Then lemma 2.65 implies that (AuB)t(AuC) v BtC. By
applying lemma 2.65 once more, we get that (A uB) t (A uC) v A u (B tC).

Lemma 2.69. Let A,B ∈ X be lexicographic sets. Then:

A tB = B tA and A uB = B uA

Proof. Directly implied by lemma 2.53.

Lemma 2.70. Let A ∈ X be a lexicographic set. Then:

A t ⊥ = A and A u > = A
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Proof. By lemma 2.41, ⊥ is the minimum element with respect to v and thus ⊥ v A.
Since we have defined t as the least upper bound with respect to v it is implied that
A t ⊥ = A.

Symmetrically, > is the maximum element with respect to v and thus A v >.
Since we have defined u as the greatest lower bound with respect tov it is implied that
A u > = A.

Lemma 2.71. Let B ∈ X be a lexicographic set. Then if, for all A ∈ X , A tB = A,
then B = ⊥. Additionally if, for all A ∈ X , A uB = A, then B = >.

Proof. Let A ∈ X . Since A t B = A (A u B = A) and t (u) is the lub (glb) with
respect to v it is implied that B v A (A v B). Then it is implied that for all A ∈ X ,
B v A (A v B). Then it holds that B v ⊥ (> v B). By lemma 2.41 it also holds
that ⊥ v B (B v >). Since v is antisymmetric it holds that B = ⊥ (B = >).

Lemma 2.72. Let A,B ∈ X be lexicographic sets. If A t B = > and A u B = ⊥,
then B = A.

Proof. First observe that if A =0 B then lemma 2.53 implies that A t B =0 A u B
which of course cannot hold. Then A 6=0 B must hold. Since AtB = >, lemma 2.53
implies thatA || T0 ∪B || T0 = X and A || F0 ∩B || F0 = ∅. Also since AuB = ⊥,
lemma 2.53 implies that A || F0 ∪ B || F0 = X and A || T0 ∩ B || T0 = ∅. Also
trivially A || T0 ∩ A || F0 = ∅ and B || T0 ∩ B || F0 = ∅. Let x ∈ X . Then
x ∈ A || T0 ∪ B || T0 and x ∈ A || F0 ∪ B || F0. So we have that x ∈ A || T0

iff x /∈ B || T0 and x /∈ A || F0 iff x ∈ B || F0. Symmetrically, x ∈ A || F0

iff x /∈ B || F0 and x /∈ A || T0 iff x ∈ B || T0. Thus B || T0 = A || F0 and
B || F0 = A || T0. Also A || T0 ∪ A || F0 = X and B || T0 ∪ B || F0 = X . Thus
B = A.

Remark. Lemma 2.72 cannot be generalized in the same fashion as lemma 2.59. Con-
sider the following counterexample. Let A = {〈a, T0〉, 〈b, F0〉, 〈c, F1〉} and B =
{〈a, F0〉, 〈b, T0〉, 〈c, F1〉}. Then A t B = {〈a, T0〉, 〈b, T0〉, 〈c, F1〉} and A u B =
{〈a, F0〉, 〈b, F0〉, 〈c, T1〉}. Observe that A tB = A uB but B 6= A.

Lemma 2.73. Let A ∈ X be a lexicographic set. Then:

A tA = A and A uA = A

Proof. Directly implied by lemma 2.53.

Lemma 2.74. Let A ∈ X be a lexicographic set. Then:

A t > = > and A u ⊥ = ⊥

Proof. By lemma 2.40, > is the maximum element with respect to v and thus A v >.
Since we have defined t as the least upper bound with respect to v it is implied that
A t > = >.

Symmetrically, ⊥ is the minimum element with respect to v and thus ⊥ v A.
Since we have defined u as the greatest lower bound with respect tov it is implied that
A u ⊥ = ⊥.

Lemma 2.75. Let A,B ∈ X be lexicographic sets. Then:

A t (A uB) = A and A u (A tB) = A
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Proof. If A v B then A u B = A and A t A = A. Suppose that A 6v B. Let µ
be the least ordinal such that A 6=µ B. Then A 6vµ B. By definition of vµ either
A || Tµ ⊈ B || Tµ or A || Fµ ⊉ B || Fµ. Trivially A || Tµ ∩ B || Tµ ⊆ A || Tµ and
A || Fµ ∪B || Fµ ⊇ A || Fµ.

If A || Tµ ⊈ B || Tµ then there exists an x ∈ A || Tµ such that x /∈ B || Tµ.
Thus A || Tµ ∩ B || Tµ ⊂ A || Tµ. Else if A || Fµ ⊉ B || Fµ then there exists an
x ∈ B || Fµ such that x /∈ A || Fµ. Thus A || Fµ ∪ B || Fµ ⊃ A || Fµ. In either
case by definition of ⊏µ we have that A u B ⊏µ A. By lemma 2.53 we have that
A t (A uB) = A.

The proof of the second property is symmetrical. A shorter proof can be obtained
using the fact that t (u) is defined as the least upper bound (greatest lower bound).

Lemma 2.76. Let A,B ∈ X be lexicographic sets. Then:

A tB = A uB and A uB = A tB

Proof. Directly implied by lemmas 2.50 and 2.51.

Lemma 2.77. Let A,B ∈ X be lexicographic sets. The following statements are
equivalent:

1. A v B

2. A uB = A

3. A tB = B

Proof. 1 implies 2. Assume that A v B. Then A u B = A is directly implied since
we have defined u as the greatest lower bound with respect to v.

2 implies 3. Assume that AuB = A. Then AtB = (AuB)tB = B by lemma
2.75.

3 implies 1. Assume that A t B = B. Then since A v A t B we have that
A v B.
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CHAPTER3
A MODEL INTERSECTION THEOREM FOR LOGIC

PROGRAMS

Before proceeding with the main theorem of this chapter, we first compactly present
the necessary definitions from the infinite-valued semantics of [6].

3.1 Infinite-Valued Semantics
Definition 3.1. Anormal program rule is a rule with an atom as head and a conjunction
of literals as body. A normal logic program is a finite set of normal program rules.

The infinite-valued treatment follows a common practice which dictates that instead
of studying finite first-order logic programs it is more convenient to study their, possibly
infinite, ground instantiations [2].

Definition 3.2. If P is a normal logic program, its associated ground instantiation P ∗

is constructed as follows: first, put inP ∗ all ground instances of members ofP ; second,
if a rule A← with empty body occurs in P ∗, replace it with A← true; finally, if the
ground atom A is not the head of any member of P ∗, add A← false.

Notice that, by construction, P ∗ is a propositional program. Since the Herbrand
Base of normal logic program is countable, P ∗ has a possibly infinite but countable
number of rules. In the rest of this chapter we assume that we study programs that
are propositional and have a countable number of rules. Since we are dealing with
propositional programs, we often talk about "propositional atoms" and "propositional
literals" that appear in the rules of a program.

Definition 3.3. An (infinite-valued) interpretation I of a program P is a function from
the set of propositional atoms of P to V .

Observe that in our context, an infinite-valued interpretation, is a lexicographic set
in the set of propositional atoms of P .

Definition 3.4. Let I be an interpretation of a program P . Then, I can be extended as
follows:
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• For every negative atom ∼ p appearing in P :

I(∼ p) =


Tα+1, if I(p) = Fα

Fα+1, if I(p) = Tα

0, if I(p) = 0

• For every conjunction of literals l1, . . . , ln appearing as the body of a rule in P :

I(l1, . . . , ln) = min{I(l1), . . . , I(ln)}

Moreover, I(true) = T0 and I(false) = F0.

Finally, the notion of satisfiability of a rule can be defined as follows:

Definition 3.5. Let P be a program and I an interpretation of P . Then, I satisfies a
rule p ← l1, . . . , ln of P if I(p) ≥ I(l1, . . . , ln). Moreover, I is a model of P if I
satisfies all rules of P .

3.2 Model Intersection Theorem
For all that follows in this section, let P be a program. LetX be the set of propositional
atoms of P . Then X is the set of all interpretations of P . LetM ⊆ X be the set
of models of P . First observe thatM 6= ∅ since > is trivially a model of P . Also
let N ⊆ M be an arbitrary non-empty set of models of P . Finally let (Sα)α≤κ be a
sequence of lexicographic sets as in definition 2.27 such that Sκ = ⊔N .

Lemma 3.6. Let α < κ be an ordinal. If Sα 6= ∅ then Sα ∈ M (i.e. Sα is a model of
P ).

Proof. Since Sα 6= ∅, Sα = ⊔α Sα. Next we prove that Sα is a model of P . Let
p ← B be a clause of P . We demonstrate that Sα(p) ≥ Sα(B). We distinguish cases
on the value of Sα(p):

• Sα(p) = Fβ , where β ≤ α. Then there exists a model M ∈ Sα such that
M(p) = Fβ . SinceM is a model of P we have thatM(p) ≥M(B). Thus there
exists a literal l ∈ B such thatM(l) ≤ Fβ . If l = q, for some propositional atom
q, thenM(q) ≤ Fβ and by definition of ⊔α,M(q) = Sα(q) and our claim holds.
Otherwise if l =∼ q, then it must be thatM(q) > Tβ and again by definition of⊔α,M(q) = Sα(q) and our claim holds.

• Sα(p) = Tβ , where β ≤ α. Then for any model M ∈ Sα we have that
M(p) = Tβ . Since M is a model of P we have that M(p) ≥ M(B). Thus
there exists a literal l ∈ B such that M(l) ≤ Tβ . Now either l = q or l =∼ q.
If order(M(q)) < α then M(q) = Sα(q) and thus M(l) = Sα(l) and our
claim holds. Otherwise, if l = q, then M(q) = Tα. Then observe that it can-
not be that Sα(q) > Tα and for all other possible values of Sα(q) we have that
Sα(q) ≤ Tα+1 < Tα. If l =∼ q, then Fα ≤ M(q) ≤ Tα. Again all other
possible values of Sα(q) suffice.

• Sα(p) = Tα+1. Then by definition of ⊔α, there must exist a model M ∈ Sα,
such that M(p) < Tα. Since M(p) ≥ M(B) we have that M(B) < Tα. Thus
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a literal l ∈ B exists such that M(l) < Tα. If l = q then, M(q) < Tα. Then
it cannot be that Sα(q) ≥ Tα and any other possible value suffices. If l =∼ q
thenM(q) ≥ Fα. Then it cannot be that Sα(q) < Fα. Again any other possible
value suffices.

Thus in any case Sα(p) ≥ Sα(B), so Sα ∈M.

Lemma 3.7. If α is a limit ordinal and for all β < α, Sβ 6= ∅ then
∧

β<α Sβ ∈ M.
(i.e.

∧
β<α Sβ is a model of P ).

Proof. For all β < α, since Sβ 6= ∅, we have that Sβ = ⊔β Sβ . Lemma 3.6 also
implies that Sβ is a model of P . We prove that Sα =

∧
β<α Sβ is a model of P . We

know that for any β < α, Sβ =β Sα and Sα ≤ Sβ . Let p ← B be a clause of P . We
distinguish cases on the value of Sα(p):

• Sα(p) = Fβ , where β < α. Since Sβ =β Sα we have that Sβ(p) = Fβ . Since
Sβ is a model of P , Sβ(p) ≥ Sβ(B). Thus a literal l ∈ B exists, such that
Sβ(l) ≤ Fβ . If l = q, for some propositional atom q, then Sβ(q) ≤ Fβ . Then
since Sβ =β Sα, Sα(q) ≤ Fβ and our claim holds. Otherwise if l =∼ q, then
it must be that Sβ(q) > Tβ . Again since Sβ =β Sα, Sα(q) > Tβ and our claim
holds.

• Sα(p) = Tβ , where β < α. Since Sβ =β Sα we have that Sβ(p) = Tβ . Since
Sβ is a model of P , Sβ(p) ≥ Sβ(B). Thus a literal l ∈ B exists, such that
Sβ(l) ≤ Tβ . Now either l = q or l =∼ q. If order(Sβ(q)) ≤ β then since
Sβ =β Sα, Sα(q) = Sβ(q) and our claim holds. Otherwise by definition of⊔β , Sβ(q) = Tβ+1. Since Sβ =β Sα and Sα ≤ Sβ it is implied that Fβ+1 ≤
Sα(q) ≤ Tβ+1. Then it holds that Sα(l) ≤ Tβ+1 and our claim holds.

• Sα(p) = Tα (or Sα(p) = 0, if α = κ). Then for all β < α, Sβ(p) = Tβ+1.
Consider any β < α. It holds that Sβ(p) ≥ Sβ(B). Thus there exists a literal
l ∈ B such that Sβ(l) ≤ Tβ+1. Also l = q or l =∼ q for some q ∈ BP . By
definition of ⊔β , if l = q then, either Sβ(q) ≤ Fβ or Sβ(q) = Tβ+1, otherwise
if l =∼ q then, either Sβ(q) = Fβ or Sβ(q) = Tβ+1 or Sβ(q) ≥ Tβ . If there
exists a β < α such that l = q and Sβ(q) ≤ Fβ or l =∼ q and Sβ(q) ≥ Tβ our
claim holds since Sβ =β Sα.
Otherwise suppose that for all ordinals β < α, it holds that Sβ(q) = Tβ+1. Then
observe that if Sβ(q) = Tβ+1 then for all γ < β, by definition of ⊔γ , it must hold
that Sγ(q) = Tγ+1. This implies that there must exist a common literal l ∈ B,
for whose corresponding propositional atom q, it holds that Sβ(q) = Tβ+1, for
all β < κ. This in turn implies that Sα(q) = glb{Sβ(q) | β < α} = glb{Tβ+1 |
β < α} = Tα (or 0). Thus our claim holds.
Finally suppose that it is not the case that for all ordinals β < α, Sβ(q) = Tβ+1

holds. Then there exists some ordinal β < α for which there exists a literal
l =∼ q such that Sβ(q) = Fβ and Sβ(l) < Sβ(l

′), for any other literal l′ ∈ B.
Now observe that since Sβ(q) = Fβ then for any ordinal γ, such that β < γ,
since Sβ =β Sγ , it holds that Sγ(q) = Fβ and thus Sγ(p) < Sγ(l). This implies
that there must exist a different literal l

′
such that Sγ(p) ≥ Sγ(l

′). Since each
time this case occurs a literal in B is ``used up" and B is finite by definition
while between any β < α there are at least countably infinite many ordinals,
there must exist an ordinal δ, where β < δ < α such that there exists a literal l′′
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and its corresponding atom r, such that Sδ(r) = Tδ+1. As previously stated this
implies that Sβ(r) = Tβ+1. Observe that then Sβ(l

′′) ≤ Sβ(l)which contradicts
our assumption.

In any case Sα(p) ≥ Sα(B) and thus
∧

β<α Sβ is a model of P .

Theorem 3.8. Let P be a program. Let N be an arbitrary non-empty set of models of
P . Then ⊔N is a model of P .

Proof. Let δ < κ be the least ordinal such that Sδ = ∅. If such an ordinal does not
exist then let δ = κ. Then for any ordinal ϵ, such that δ < ϵ < κ, by definition of Sϵ, it
holds that Sϵ = ∅. Then Sκ =

∧
α<κ Sα = Sδ , since we have previously proved that

for all α < δ, Sδ ≤ Sα.
If δ is a successor ordinal then it is of the form δ = δ′ + 1. Then Sδ′ 6= ∅ and by

lemma 3.6, Sδ′ is a model of P . Then Sδ =
∧

α<δ Sα = Sδ′ . Thus Sκ is a model of P .
If δ is a limit ordinal then by the hypothesis, for all α < δ we have that Sα 6= ∅.

Then by lemma 3.7, Sδ =
∧

α<δ Sα is a model of P . Thus Sκ is a model of P .
In any case ⊔N = Sκ is a model of P .

Corollary 3.9. Let P be a program. LetM be the set of models of P . Then ⊔M is
the minimum model of P with respect to the lexicographic subset relation v.

Proof. We have defined ⊔as the greatest lower bound with respect tov. Then ⊔Mv
M. It remains to show that ⊔M ∈ M. But that is directly implied by Theorem 3.8,
when N =M.
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