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ABSTRACT

The purpose of this paper is to investigate whether a recently proposed infinite-valued
logic can lead to a novel, non-classical set theory. As in fuzzy set theory, the members
of a set in the proposed theory may have different degrees of participation, expressed
by different levels of truth values. But unlike in fuzzy set theory, the subset relation as
well as the union and intersection operations are defined in a lexicographic way with
respect to the truth values of elements in the involved sets. That is why we call the
sets of the proposed theory, lexicographic sets. We prove that many known properties
that apply to the classical set theory still apply to lexicographic sets. In addition, we
give indications that the proposed theory may have practical applications in areas of
Computer Science where the lexicographic relation plays a key role. More specifically,
using the proposed theory, we prove a generalized model intersection theorem for logic
programs with negation.






XYNOYH

O otdy0g TG epyaciog avthg eivat va diepguvnogt av (o Tpdoeata tpotadeica amelpd-
TN AOYIKN pmopel va odnynoet oe pia véa, pun kKAaotkn Bewpio cuvorwv. Onwg Kot
otV aoaQn Bewpio cuvorav (fuzzy set theory), ta pEAN EvOG GUVOLOL GTNV TTPOTEWVO-
pevn Bempia pmopovv vo. Exovv dapopeTikd Pabpd cuppeToyng mov ekepaletol e
drapopetid enimedo TYdV aAnBgt0G. X avtifeon Opmg pe v acaen Beopio cuvormv,
N oY£01 VTOGLVOAOL KOBMG Kot 0t TPAEEIS TG £VMOOoNG Kot TNG TOUNS, opilovtal pe
Ae&koypapikd TPOTO GE GYEON LLE TIC TILES aANOEL0G TV GTOLEIMV TV EUTAEKOUEVOV
ovvormV. I'a 1o AdYo awtd ovopdlovpe ta chvora TG Tpotewvoevns Bewpiag, Aeguco-
ypaoikd cvvolo (lexicographic sets). AmodekVOOLE OTL TOAAEG YVOOTEG 1O10TNTEG
7OV 1oYHOLV GTNV KAAGIKT Bempia cuVOA®DY e0koloVBOVY Vo 1o DOV KoL Yia T Ae&LKo-
ypaoikd covora. EmmAéov, divovpe evdeiEelg 6tL 1 mpotewopevn Bewpio pumopei va
EYELTPAKTIKES EPUPLOYES G€ TTEPLOYES TG ITAnpopopikig dmov 1 Ae&kcoypapikr| didto-
&n mailel kabopiotikd poro. o Guykekpléva, XPNOLLOTOUDVTOG TNV TPOTEWVOUEVN
Bewpio, amOSEVOOVLLE EVA YEVIKEVUEVO BEDPT IO TOUNG LOVTEAWDVY Y10, LOYIKA TPOYPALL-
pata pe dpvnon.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

The motivation for this thesis begins with the study of the declarative semantics of
logic programs. In the following we assume that the reader is familiar with partially or-
dered sets and particularly lattices (e.g. [|l]]) as well as with some basic notions regard-
ing logic programming, such as "atoms", "literals", "clauses", "head/body of a rule",
"ground instantiations", "Herbrand Base", "Herbrand interpretations/models", "definite
programs", "negation-as-failure", etc. For an introduction to these notions the reader is
redirected to [5].

The declarative semantics of classical logic programs (i.e. definite programs, where
negation is not present in the body of any rule) was developed by van Emden and Kowal-
ski in [[7], and it is the result of an elegant fixed point theory that is mainly attributed to
the least fixed point theorem of Kleene as well as a weaker version of the well known
Knaster-Tarski theorem. The main concept of these semantics is as follows. Let P be
a definite program. Let Bp denote the Herbrand Base of this program. The semantics
is based on the fact that the set 227, which is the set of all Herbrand interpretations of
the program, is a complete lattice under the partial order of set inclusion C. The least
upper bound of any set of Herbrand interpretations is the union of all the interpretations
in the set and symmetrically the greatest lower bound is the intersection. The entire se-
mantics can be summed up in two major points. Firstly, the famous Model Intersection
Theorem states that the intersection of all Herbrand models of P is a model of P called
the least Herbrand model of P. This model is usually denoted by Mp. Secondly, Mp
is also characterized using fixed point techniques. An operator Tp: 257 — 257 is de-
fined, which is called the immediate consequence operator, which is monotonic as well
as continuous. It is then proved using the aforementioned fixed point theorems that 7p
has a least fixed point which coincides with the least model Mp. It is also proved that
Mp is precisely the set of ground atoms which are logical consequences of P and thus
it is justifiably considered the intended model for P.

Unfortunately after introducing negation to logic programming, the classical tools
can no longer be used to define the semantics of logic programs. The major issue lies
in the fact that the immediate consequence operator 7p loses its monotonicity in this
expanded formalism. Various attempts have been made to give semantics to logic pro-
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1.1. MOTIVATION

grams with negation. However most of these are not purely model theoretic in the
sense that the meaning of a program can not be computed just by considering its set of
models. That was the case until Rondogiannis and Wadge in [6], gave the first purely
model-theoretic characterization of the semantics of logic programs with negation-as-
failure allowed in clause bodies. In these semantics the meaning of a program is, just
as in the classical case, the unique minimum model in a novel ordering of a program's
interpretations.

The basic idea behind their approach, namely the infinite-valued semantics, is that
in order to obtain a minimum model semantics for logic programs with negation, it is
necessary to consider a refined multiple-valued logic which will allow the meaning of
negation-as-failure to be expressed properly. The logic of [§] contains one F,, and one
T, for each countable ordinal «, and also an intermediate truth value denoted by 0. The
ordering of the truth values is as follows:

Fo<Fi < <F, < Fo,< <0< <Ty < <Ty <o <Ty <Ty

Fy and T} represent the classical False and True values, while 0 is the undefined value.
With this refined set of values, atoms in Bp are no longer treated as being either True
or False. The ordinal indices of truth values now correspond to the level at which truth
or falsity holds. The definition of interpretations changes as well. An interpretation
of a program is extended to a function mapping atoms to truth values. Then, intu-
itively negation-as-failure is interpreted as follows. The more times an atom is negated
the closer it approaches the intermediate value 0. Finally a more refined ordering on
interpretations is used extending the subset C relation that is used in the classical treat-
ment. This new ordering denoted by C ., is a lexicographic-like relation that intuitively
gives a higher priority to atoms belonging in the lower stages (smaller ordinal indices)
than those belonging to upper stages. It is proven indirectly in [9], that the set of all
infinite-valued interpretations ordered by T, actually forms a complete lattice as in the
classical case. Finally using this extended formalism a Model Intersection Theorem is
proved. This theorem defines a procedure which starts with the set of all infinite-valued
models of a program and outputs a single model which is the minimum model with re-
spect to C .. Also an immediate consequence operator Tp is defined, which naturally
extends the classical definition. It is then proved that this Tp does have a least fixed
point which coincides with the model produced by the model intersection theorem, even
though the operator itself is not monotonic with respect to C .

The infinite-valued semantics gives rise to the ideas that we will be examining in this
thesis. The basic idea stems from the fact that the relation =, seems to generalize the
classical subset relation C in the infinite-valued setting. Both the set of infinite-valued
models paired with =, and the set of classical Herbrand models paired with C form
complete lattices. Thus the following questions arise. Can we abstract away from the
logic programming specific definitions and define an extension of the classical notion of
set that looks like an infinite-valued interpretation? Also can we define a lexicographic
ordering like C ., to be used as the subset relation for our novel extended concept of a
set? How would classical operations like the union, intersection and complement look
like in this extended setting? What properties might they possess? Will the classical
set theoretic properties hold in the extended setting?



CHAPTER 1. INTRODUCTION

1.2 Brief history of set extensions

Various extensions to the classical definition of a set have been introduced throughout
the 20th century. The main goal of these extensions is to define mathematical frame-
works that can treat imprecision and ambiguity present in data. The oldest and most
well-known such extension is the fuzzy set concept that was introduced in parallel and
independently in 1965 by Lotfi A. Zadeh in [§] and Dieter Klaua. Dieter Klaua intro-
duced the concept of a many-valued set. These many-valued sets had the fuzzy sets of
Zadeh as a particular case. Zadeh's approach has been more influential, so from now
on we will focus on Zadeh's fuzzy set theory.

Formally, in a given universe of elements X, a fuzzy set A in X is characterized
by a membership function f4(x), which maps each element z € X to a real number in
the interval [0, 1]. The value of f4(x) represents the "grade of membership" of z in A.
The nearer the value of f(z) to unity, the higher the grade of membership of x in A.

A generalization of the notion of fuzzy set was introduced in 1967 by Joseph Goguen,
who was a student of Zadeh, in [3]. This generalization is usually called an L-fuzzy set.
L-fuzzy sets generalize fuzzy sets by considering order structures beyond the unit in-
terval. An L-fuzzy set generalizes Zadeh's membership function to an arbitrary order
structure L and formally an L-fuzzy set is a function of the form A: X — L. Usually
this order structure is required to be a partially ordered set. Also since asking what the
maximum and minimum values of a fuzzy set are seems rather important, it is more
commonly required that the partially ordered set is at least a complete lattice.

There are many more concepts similar to or more general than fuzzy sets. Some are
special cases of fuzzy sets that add more constraints or change the membership function.
Others are entirely novel theories that try to mathematically model imprecision and
uncertainty in different ways. For a detailed introduction to such theories the reader is
redirected to [4].

The reader might have already suspected that the /exicographic set concept that we
develop in this thesis is a special case of the general L-fuzzy set. That is indeed the
case. In our case the order structure L will be the truth values used in the infinite-
valued semantics. But there is one important difference. In general, for L-fuzzy sets, it
is argued that, by considering a point-wise relation to compare elements in L~, many
special laws which holds for L will extend to L~ . Then the focus is shifted to studying
the desired structure for L.

In this thesis we take a different approach. While we do consider the point-wise
relation as a possible subset relation for our lexicographic sets, our main focus is study-
ing another relation, which we call the lexicographic subset relation, which is directly
defined on lexicographic sets, and does not try to directly exploit the special structure
that the truth values of the infinite-valued semantics might have.

1.3 Thesis Goals

This thesis mainly focuses on answering the questions posed in section [I.1. More
specifically,

« We introduce an extension of the classical notion of a set, which we call a lexico-
graphic set by expanding the classical bivalent condition that assesses the mem-
bership of elements. The lexicographic set is represented by a function mapping
the elements of a given universe to an infinite number of possible membership

3



1.3. THESIS GOALS

values that will correspond to the truth values used in the infinite-valued seman-
tics. We also introduce appropriate definitions of the lexicographic subset rela-
tion, lexicographic union and intersection and lexicographic complement. We
also study various extensions of classical set-theoretic properties in this setting.

We apply the new definitions, providing a proof for the Model Intersection theo-
rem of the infinite-valued approach using just the lexicographic intersection op-
eration. Actually we prove a slightly stronger result which states that the lexico-
graphic intersection of any non-empty collection of infinite-valued models of a
program is also a model of the program. Thus, we fully generalize the classical
Model Intersection Theorem.



CHAPTER 2

LLEXICOGRAPHIC SETS, DEFINITIONS AND
PROPERTIES

In this chapter we formally define lexicographic sets, appropriate subset relations, union,
intersection and complement definitions as well as examine a few properties they pos-
sess.

2.1 Lexicographic sets and basic definitions

Let x be a limit ordinal. We will not explicitly define it for now. Also consider a non-
empty universe X of elements.

Definition 2.1. Set of truth values. We define:
V=A_F,|a<k}lU{T,|a<r}uUu{0}

to be the set of truth values. These truth values are ordered as follows. Consider ordinals
a < B < rkthen F,, < Fgand Tg < T,. Also (Vo) F, < 0 and (V) 0 < T,.

We define lexicographic sets as follows:

Definition 2.2. Lexicographic set. A lexicographic set is a total function mapping
elements of X to truth values in V. The set X = VX, which is the set of all total
functions A : X — V is the set of all lexicographic sets.

Intuitively each truth value represents the degree at which an element belongs to
(T, or does not belong to (F,) a lexicographic set. We use the intermediate truth
value 0 to express the concept of "undefined" or "unknown". A 0 value indicates that
the membership status of an element is unknown. E.g. let X = {a,b,¢,d,e}. Then
A = {{(a, Fy), (b, F1),{c, T»),{d, Tp), (e,0)} € X. So a is not a member of 4, b is
not a member of A but not at the degree that a is not, while ¢ is a member of A but
not at the degree that d is a member of A which is a member of A. Also the degree of
membership for e is undefined.

We define the order of truth values as follows:
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Definition 2.3. Order of a truth value. Let o < & be an ordinal. The order of a truth
value is defined as: order(T,) = o, order(F,) = o and order(0) = k.

We also define the following:

Definition 2.4. Let A € X be a lexicographic set. Let v € V be a truth value. Then
Allv={x € X | A(z) = v}.

Definition 2.5. Level of a lexicographic set. Let A € X be a lexicographic set. Let
a < k be an ordinal. Then A#a = {{(z,v) € A | order(v) = a}.

In the next section we introduce two different definitions for the subset relation of
lexicographic sets.

2.2 Subset Relations and Equality

The most obvious way to define the subset relation would be to directly compare the
truth values assigned between two lexicographic sets per element in X .

We define the subset relation <, which we call the point-wise subset relation as
follows:

Definition 2.6. Point-wise subset relation. Let A, B € X be two lexicographic sets.
Then:
A< B+ (VzeX)A(r) < B(x)

A not so obvious choice but a choice of great importance for this thesis, would be
to use the T, relation used to order infinite-valued interpretations in [(].
Let o < k be an ordinal. First we define the equality relation =, of order a.

Definition 2.7. Equality relation =, of order o« < k. Let A, B € X be two lexico-
graphic sets. Then:
A=, B+ (V8 <a) A#5 = B#p

Then we define the proper subset relation C,, of order o < « as follows:

Definition 2.8. Proper subset relation T, of order o < k. Let A, B € X be two

lexicographic sets. Then:

ACo B+ (V8<a)A=3B) A (A||Ta CB||Toa N A||Fa 2B Fa)V
(Al Ta € B Ta A Al Fa D B[ Fa))

Then we define the subset relation =, of order o < k as follows:

Definition 2.9. Subset relation T, of order o < k. Let A, B € X be two lexicographic
sets. Then:
AC, B+ Ac, BV A=, B

Finally we define the subset relation T, which we call the lexicographic subset
relation as follows:

Definition 2.10. Lexicographic subset relation. Let A, B € X be two lexicographic
sets. Then:
ACB+ (Ba<k)ACoaB) V A=B



CHAPTER 2. LEXICOGRAPHIC SETS, DEFINITIONS AND PROPERTIES

2.2.1 Equality

In this subsection we define lexicographic set equality as well as provide a different but
equivalent characterization based on the equality relation =, of order o < k, for when
two lexicographic sets are equal.

Definition 2.11. Lexicographic set equality. Let A, B € X be lexicographic sets. We
say that A and B are equal, written as A = B, if and only if A(x) = B(x).

Lemma 2.12. Let A, B € X be lexicographic sets. Then:
A=B <+ (Va<k)A=,B

Proof. If A = B holds then trivially (Va < k) A =, B also holds. If (Vo < k) A =,
B holds, then by definition of =, for any = € X such that order(A(x)) < k, we have
that A(z) = B(x). Then observe that for any = € X such that order(A(x)) = &, since
both A, B are total functions it must hold that A(x) =0 = B(x). Then A= B. O

Throughout this thesis we use the two equality definitions interchangeably without
further explanation.

2.2.2 A few properties

In [[€] it is proven for infinite-valued models that I < J — I T, J, where I, J are
infinite-valued interpretations. The proof still holds in this context and thus we have
the following lemma.

Lemma 2.13. Let A, B € & be two lexicographic sets. Then:
A<B-—+ALCB

The opposite does not hold. For example consider X = {a,b}. Then let A =
{(a, Fy), (b, T1)} and B = {(a, Tp), (b, F1)}. It is easily seen that A C B but A £ B.
We prove the following lemma about the subset relation =, of order o < .

Lemma 2.14. The subset relation =, of order o < & is a preorder.

Proof. Let A, B,C € X be lexicographic sets.

First since A =, A, trivially A C, A holds and C,, is reflexive.

Next assume that A T, B and B C, C. By definition of C,, we have that for all
ordinals 3 < a, A =3 B and B =3 C. By definition of =3 we have that A#3 = B#
and B#3 = C#pj which implies that A#3 = C#p3. By definition of =g we have that
A =g C. It remains to show that A || T, C C' || T, and that A || F, O C' || F,. Since
ALC, Bwehavethat A || T, C B||Tyand A || F, 2 B || F,. Since B C, C we
havethat B || T, C C || Ty and B || F,, D C || To.. Thus A || T, € C' || T, and
A || Fy 2 C || F, hold and by definition of C,, we have that A C,, C. Then C,, is
transitive. O

We also prove the following lemma about the lexicographic subset relation C.



2.3. UNION OPERATIONS

Lemma 2.15. The lexicographic subset relation C is a partial order.

Proof. Let A, B,C € X be lexicographic sets.

First trivially since A = A, by definition of C we have that A C A and C is
reflexive.

Next assume that A C B and B C A while A # B. Let a < k be the least ordinal
such that A#a # B#a. Then (V3 < a) A =5 B. Since AC B, (Vg < a) A= B
and A#«a # B#a it must hold that A C,, B. But then the definition of C, implies that
B C, A cannot hold. Also since o < & is the least ordinal such that A#« # B#a
then the the definition of g implies that for any ordinal 5 < x, B Cg A cannot hold.
Then by definition of C, B T A cannot hold which contradicts our assumptions. Thus
A = B and C is antisymmetric.

Finally assume that A C B and B C C. If A = B then trivially A C C'. Else if
B = C then trivially A C C. If A # B and B # C then by definition of C there exist
ordinals o, 5 < x such that A C,, B and B Cg C. Let v = min{a, §}. Then it holds
that AT, Band B C, C. By lemma , T, is transitive and thus A T, C. Finally
observe thatif y = a, A C, B, elseif y = 3, B C, C. In either case, the definition
of C, implies that A #, C. Thus A ., C. By definition of £ we have that A & C
and C is transitive. O

In the next section we introduce two different definitions for the (generalized) union
relation of lexicographic sets.

2.3 Union operations

As expected, we define one (generalized) union operation for each of the subset rela-
tions < and C. A natural way to define the union, that generalizes that of classical set
theory, would be to use the least upper bound under these relations.

2.3.1 Point-wise union

We define the (generalized) point-wise union with respect to < as follows:

Definition 2.16. Point-wise union. Let S C X be a set of lexicographic sets. We define
the point-wise union of S as the least upper bound \/ S of S under <. Let z € X, then:

(\/ 3) (z) = lub{A(z) | A S}

Remark. If S = ( then (Vz € X) (\/ S)(z) = Fy, since by definition of lub we have
that [ub ) = F,. As we will mention in a later section this is the <-minimum element
in X. This coincides with classical set theory where | () = () and ) is the C-minimum
element.

Example 2.17. Let v = w, let X = {a} and S = {A,, | n < w}, where A, =
{{a, Fp)}. Then \| S = {{a,lub{F,, | n <w})} = {{(a,0)}.
2.3.2 Lexicographic union

In [9] it is proven that the set of infinite-valued interpretations paired with the relations
C o, where o < wy, form a model of the Axioms presented in that paper. That proof
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CHAPTER 2. LEXICOGRAPHIC SETS, DEFINITIONS AND PROPERTIES

immediately carries over to our setting. Thus we can use all the theoretical constructs
presented in that paper. Of particular interest is the fact that every non-empty set of
lexicographic sets S C & has a least upper bound under C which can be constructed
in steps.

Let @ < k be an ordinal and A € X be a lexicographic set. We define:

(Ala ={BeX | (V6 <a) A= B}
Then let S C (A],. We define | |, S as follows. Let 2 € X, then:

A(z), TIforder(A(z)) <«

1. 1t@BeS) B)

<|—|S> @ =\FE. VB eS) B
Fy41, otherwise

To
Fo

[e3

We now define the following sequence of lexicographic sets.

Definition 2.18. Let S C X be a set of lexicographic sets. We define a sequence of
lexicographic sets (S )a < as follows. For all o < k we define:

Sa={A€S| (VB <a)A=5 54}

S _ l_la S(u IfSa # @
a \/B<a 567 IfS(), :®

Then:

Se="\/ Sa

a<k

Intuitively the above definition defines an infinite number of approximations of the
least upper bound of the lexicographic sets in S. As it proceeds through the ordinals
a < k, each approximation S, builds upon the previous approximations, improving
the approximation, by constructing the a-th level to be an upper bound of the remaining
lexicographic sets in S, as compact as possible, with respect to the lexicographic subset
relation C.

Let S C X be a set of lexicographic sets. Then:

SCA<(VBeS)BLC A
We prove the following lemma.

Lemma 2.19. Let A € X be a lexicographic set. Let S C (A], for ordinal o < k.
Then:

* SCull,S
* (VBe(Als) SEa B— (U, SEa B A U, S < B)

Proof. Since S C (A], it holds that (VB € S)(VC € S)(VB < a) B =5 C. So by
the definition of | | , it holds that| | | S =3 B =g C. Then | |, € (4]a.

Let B € S. Weprovethat B || T, C ||, S || Toand B || Fy, 2 ||, S || Fa. Let
z € X such that B(z) = T,. By definition of | |, it holds that (| |, S)(z) = Ty. Let

9



2.3. UNION OPERATIONS

x € X suchthat (| ], S)(z) = F,. Againby definition of | |, itholds that B(z) = F,.
Thus it holds that S C,, | |, S.

Let B € (A], such that S T, B. We prove that | |, S || T, € B || T, and
.S || Fo 2 B| Fa. Letz € X such that (| ], S)(z) = T,. Then by the definition
of | |, there existsa C' € S such that C(x) = T,. Since S C,, B, wehavethatC C, B
and thus B(z) = T,. Let x € X such that B(x) = F,. Since S T, B it is implied
that (VC € S) C(z) = F,. So by definition of | |, it holds that (||, S)(z) = F,.
Soll,S Ca B.

It remains to show that | | & < B. Initially V5 < «v it holds that| |, S = B. Let
x € X such that order(B(z)) > «. We distinguish cases:

« If B(z) = T, then by the definition of | |, either (| ], S)(z) = Tu, (LI, S)(z) =
Fyor (L, S)(x) = Faq1. Inany case (||, S)(z) < B(z) holds.

« If B(z) = F, thensince | |, S T, B it holds that (| |, S)(z) = F,. Thus
(U S)(@) < B(x).

* If Fyy1 < B(z) < Ty then since S C,, B it holds that (VC € S) F, <
C(z) < Toyr. If (VC € S) C(z) = F, then (|],S)(z) = F,. If (3C €
8) Faq1 < C(x) < Taqq then by definition of | |, (|, S)(z) = Fay1. In
either case (| ], S)(z) < B(x).

In any case it holds that | | S < B. O
The following theorem holds.

Theorem 2.20. Let S C X be a set of lexicographic sets. Let (S, )a<s be a sequence
of lexicographic sets as in definition R.1§, defined on S. Then S, is the least upper
bound of S under the subset relation C.

Proof. See proof of Theorem 4.2 in [9]. O

We will denote the least upper bound of S under C by | |S. Thus we define the
(generalized) lexicographic union with respect to C as follows:

Definition 2.21. Lexicographic union. Let S C X be a set of lexicographic sets. We
define the lexicographic union of S as the least upper bound | | S of S under C.

Remark. As in the case of \/, if S = 0 then S, = Sy = V5, S5 = /0. As before

(Va € X) (\V/ S)(x) = Fp, since by definition of lub we have that lub () = Fy. Again
this coincides with classical set theory.

Example 2.22. Using k, X and S as in example the sequence (Sqa)a<. is defined
as follows. For each a« < wwe have S, = {A, € S| a <n}and S, = {{o, Fay1)}-
Then | ]S = S, = Vyco, Sa = {{a, lub{Foy1 | @ <w})} = {{a,0)}.

2.3.3 Relationship between the two

In this subsection we determine the relationship between \/ S and | | S for a given set
of lexicographic sets S. We prove the following lemmas.

Lemma 2.23. Let S C X be a set of lexicographic sets. Then:
s<Vs

10
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Proof. Let (Sa)a<x be the sequence of lexicographic sets such that | |S = S, =
V a<r Sa- We prove that (Vo < k) So < \/S. For a = 0 our claim holds (the proof
is similar to the induction step). Let 0 < o < & be an ordinal such that (V3 < a) Sg <
\/ S. We distinguish cases:

* So = |, So. Initially it holds that (V3 < «) Sg =g S,. Thus let § =
order(Sq(z)) for any x € X such that order(S,(z)) < «. Then S,(z) =
Sg(x) < (V S)(x) which holds by the hypothesis. Now let 2 € X such that
order(Sqs(z)) > «. We distinguish cases:

— Sa(x) = F,. Then by definition of | | , it holds that (VA € S,) A(z) =
F,. It also holds that S, C S and thus (VA € S,) A <V S. So S, () <
(VS)(z) holds.

Sa(x) = T,. Then by definition of | | , it holds that (3A € S,) A(x)
S

T, Again since A < \/ S itis implied that Sy (z) < (V S)(z).

o(x) = Fy41. Then by definition of | | , it holds that (VA € S, ) A(x) #
T, and (34 € S,) A(z) # F,. Let B € S, such that B(z) # F,.
By definition of S, it holds that (V5 < «) So =3 Ss =g B and thus
order(B(x)) > «. Since B(x) # T, and B(z) # F, it is implied that
Fot1 < B(x) < Tayq. Since B < '\/ S it holds that S, (z) < (\/ S)(x).

* Sa = Voo Sp- By the hypothesis it holds that (V8 < ) Sg < \/S. By the
definition of \/ it holds that S, <\/ S.

In any case it holds that S, < \/S. Thus it holds that (Va < k) S, < \/ S and again
by the definition of \/ it is implied that | |S = S, <V S. O

Lemma 2.24. Let S C X be a set of lexicographic sets. Then:

s Vs
Proof. By lemmaR.23,| |S < \/S. Then lemma implies that | |[SC \/S. O

Remark. | |S = \/ S does not hold in general. For example, let X = {a,b} and
S = {4, B}, where A = {{(a,T1), (b, Fo)}, B = {{(a, Fu), (b, F1)}. Then /S =
{{a,T1), (b, F1)} while | |S = {(a, F1), (b, F1)}.

In the next section we introduce the equivalent definitions regarding intersections
of lexicographic sets.

2.4 Intersection operations
As in the case of the union operations we define one (generalized) intersection operation

for each of the subset relations < and C. Following the union definitions we use the
greatest lower bound under these relations, to define the intersection.

2.4.1 Point-wise intersection

We define the (generalized) point-wise intersection with respect to < as follows:

11
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Definition 2.25. Point-wise intersection. Let S C X be a set of lexicographic sets. We
define the point-wise intersection of S to be the greatest lower bound A S of S under
<. Letx € X, then:

(/\5) (z) = glb{A(z) | A € S}

Remark. 1f S = () then (Vz € X) (A S)(x) = Ty, since by definition of glb we have
that glb ) = T. As we will mention in a later section this is the <-maximum element
in X. This coincides with classical set theory where [ () represents the class containing
all sets.

Example 2.26. Let k = w, let X = {a} and S = {4, | n < w}, where A,, =
{{a,Tn)}. Then NS = {{a, glb{T,, | n < w})} = {{a,0) }.

2.4.2 Lexicographic intersection

In [9] it is proven that a model of the Axioms paired with the relation C is a complete
lattice and thus the existence of the greatest lower bound under C for any subset of
X is guaranteed. Nevertheless its definition is not explicitly stated. We define in a
symmetrical way to the least upper bound, the greatest lower bound under C. We also
prove that our definition indeed coincides with the greatest lower bound.

Let A € X be a lexicographic set. Let S C (A],, for a given ordinal o < x. Then
we define [ ], S as follows. Let z € X, then:

A(z), Iforder(A(z)) < a
_|F., f(3B€S)B()=F,
<|:|8> =11 If (VB € S) B(z) = T,

To+1, otherwise
As with the union, we define the following sequence of lexicographic sets.

Definition 2.27. Let S C X be a set of lexicographic sets. We define a sequence of
lexicographic sets (Sq )< as follows. For all & < k we define:

Sa:{AES|(Vﬂ<O¢)A:gSﬁ}

MaSar  Sa#0
S, =
Asea Ss. 1£Sa =10

Then:

Se= )\ Y

a<k

Intuitively, as in the case of the definition R.18, the above definition defines an
infinite number of approximations of the greatest lower bound of the lexicographic sets
inS. Asitproceeds through the ordinals o < «, each approximation S, builds upon the
previous approximations, improving the approximation, by constructing the a-th level
to be an upper bound of the remaining lexicographic sets in S, as tight as possible,
with respect to the lexicographic subset relation C.

Before we proceed with the proof that the definition indeed gives us the greatest
lower bound of S under C, we first establish a few important lemmas.

12
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Lemma 2.28. Let A € S be a lexicographic set. Let S C (4], for ordinal o < k.
Then:

*M.SEaS
« (VBe(Als) BCa S — (BCa 1,8 A B<[,S)

Proof. Since S C (A], it holds that (VB € S)(VC € S)(V5 < a) B = C. So by
the definition of [ ] , it holds that [ ], S =3 B =5 C. Then[], € (4]a.

Let B € S. Weprove that[|, S || To € B || Toand[],S || Fo 2 B || Fa.
Let z € X such that ([, S)(z) = Ty. By the definition of [],, it holds that B(z) =
T,. Let x € X such that B(xz) = F,. Again by the definition of [ ] it holds that
([Ma S)(z) = F,. Thus it holds that [, S C, S.

Let B € (A], such that B C, S. We prove that B || T,, € [],S || T and
B || Fa 21,8 || Fa. Letz € X such that B(z) = T,. Thensince B C, S
it is implied that (VC' € S) C(z) = T,. So by the definition of [] , it holds that
(M4 S)(x) = Ts. Letz € X such that ([, S)(z) = F,. By the definition of
[, there exists a C' € S such that C'(z) = F,. Since B C, C it must hold that
B(x)=F,.SoBLC,[],S.

It remains to show that B <[] S. Initially V3 < « it holds that B =5[], S. Let
x € X such that order(B(z)) > «. We distinguish cases:

« If B(z) = T, then since B C, [, S we have that ([, S)(z) = T,. Thus
B(z) < (M, S) (@)

« If B(z) = F, then by the definition of[],,, either ([, ) (z) = Fyor ([, )(z) =
T, or ([, )(x) = Tas1. Inany case B(z) < ([, S)(z) holds.

o If Foy1 < B(x) < Tay1 then since B C,, S it holds that (VC' € S) F41 <
Clz) < Ty. If (VC € S) C(x) = T, then ([1,S)(z) = T,. If (3C €
S) Fat1 < C(z) < Tyyq then by definition ([, S)(x) = Tuq1. In either case
B(z) < (M, 8) ().
In any case it holds that B <[] S. O

Now let a < k be an ordinal and A € X be a lexicographic set. We define:
[Ala ={Be X | (V6 <a) A=p B}
Notice that [A], C (A4]a-

Lemma 2.29. Let & < x be an ordinal. Let A € X be a lexicographic set. Let
S C (Ala. Let B =[1,S. Then B is the <-maximum element of [B],. Also B is
Co-+1-maximum element of [B],,.

Proof. Let C' € [B],. By definition of [B], it holds that (V8 < a) C' = A. Let
x € X such that order(C(z)) > a. By definition of [ ], S, B(x) = T,+1 and thus
C(z) < B(x). So C < B holds and B is the <-maximum element of [B],.

We prove now that C' || Tp41 € B || Ta41 and C || Fu41 2 B || Fat1. Let
x € X suchthat C(z) = Ty41. Since order(C(z)) > « it is immediately implied that
B(z) = Th41. In addition, by definition of [], S it holds that B || F,41 = 0, so the
second inclusion holds trivially. Thus C' C,4; B holds and B is T 1-maximum in
[Bla- O
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Lemma 2.30. Let (Ag)g<o Where a < k, be a sequence of lexicographic sets such
that A, =, Agand Ag < A, fory < 8 < a. Alsolet A = J\;z_, Ag. Then
(Vﬂ < a) A =3 AB'

Proof. 1If a = 0 our claim holds trivially. Let 0 < 5 < « be an ordinal such that
(Vy < B) A=, A, =, Ap. We distinguish two cases.

« Ag#B = 0. Then for any ¢ such that 5 < 4 by the hypothesis we have that
As#B = (). Also consider any ¢ such that § < 3 with As#3 # (. Letxz € X.
Observe that order(A(x)) # [ since Ag < As and since Ag#3 = () implies
order(Ag(x)) # . Thus A#S = 0.

« Ag#B # 0. Let x € X such that order(Ag(z)) = 3. For any d such that § <
we have that Ag(x) < As(z) by the hypothesis. Also for any ¢ such that 5 < &
we have that Ag(x) = As(x) again by the hypothesis. Thus A(x) = Ag(x) and
A#B = Aptpb.

In any case A#5 = Ag#0. Then it holds that (V8 < o) A =5 Ag. O

Lemma 2.31. Let (Ag)g<o Where a < k, be a sequence of lexicographic sets such
that Ag =g A, for B < yand V3 < o Ag is the <-maximum and a C g ;-maximum
element of [Ag]g. Let B € X be a lexicographic set such that (V3 < o) B Cg Ag.
Alsolet A= A;_, Ap. Then BC A.

Proof. We first show that A is the <-maximum element and a C,-maximum in (A],.
Since for all § < v < a we have that Ag =4 A, it holds that [A,], C [Ag]g. Also
since Ag is the <-maximum element of [Ag]s and [A,], C [Ag]s, A, < Ag holds.
Using lemma we have that (V5 < o) A =3 Ag. Trivially A € (A], holds. Now
let C' € (A]s. By definition we have that A =3 Ag =g C for any § < «. Thus
(VB8 < a) C € [Ag]p and since Ag is the <-maximum element of [Ag]s, C' < Ap
holds. By the definition of A, it is implied that C < A. By Lemma it holds
that C C A. This implies that C' T, A since (V8 < a) C =g A. Thus A is the
<-maximum and a C,-maximum in (A4],.

To complete the proof, we distinguish two cases. First, suppose that 33 < « such
that B Cg Ag. Then since A =3 Ag it is implied that B Cg A, so B C A holds.
Next, suppose that (V5 < ) B =3 Ag. Then B € (A],. Since A is the <-maximum
element of (A],, B < A holds and Lemma implies that B C A. O

We can now prove the following theorem.

Theorem 2.32. Let S C X be a set of lexicographic sets. Let (S, )a<s be a sequence
of lexicographic sets as in definition R.27, defined on S. Then S, is the greatest lower
bound of S under the subset relation C.

Proof. Initially we prove that Sg =g S,, for all 5 < o < & by induction on .. Our
claim holds trivially for « = 0. Let 0 < o < & and suppose that our claim holds for all
B < a. Let 8 < « be an ordinal. We distinguish two cases:

* S, #0. Then S, =[], Sa- Let A € S,. By definition of S,,, A =3 S3. Also
by Lemma .28, S, T, A. This implies that S, =g A and thus Sg =g S,,.

+ S, = (. Observe that for any ordinals 7 < § < « the definitions of S., and
S5 of definition imply that S5 C S,. Also by the induction hypothesis we
have that S, =, Ss and thus [Ss]s C [S,]. By lemma we have that S, is

14
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the <-maximum element of [S,], and since S5 € [Ss]s, S5 < S,. Thus we can
assume that « is the least ordinal such that S, = ) since for any v > « it holds
that S, = @ and S; = A;_., S5 = Sa. Then we can apply lemma 2230 which
implies that Sg =3 S,.

From the previous induction we have that for any 8 < a < k, Sg =g S, and it
also implies that S, < Sg. Then lemma .30 also implies that (Voo < k) S =4 k-

Let S, = (Nacy Sa. We now proceed to show that either S, = 0 or S, = {5, }.
Suppose that A € S,;. Then by definition of S,; we have that (Va < k) A =4 So =a
S, which immediately implies that A = S,;.

Now we prove that S, C S. Let A € S. Either A € S, or A ¢ S,.. If A € S, then
A =S, and S, C A since C is reflexive. If A ¢ S,, let o < «k be the largest ordinal
such that A € S,. Then S, =[], S and by lemma Sa Eq A. Since A ¢ Sp41,
by definition of Sp41, S¢ #a A and thus S, T, A. Since S, =, S, it holds that
S. C A

Now consider any lower bound of S, i.e. any L € X such that L = S. We prove
that L C S,. If S,. # () then our claim holds trivially since S, € S. Suppose that
S. = 0. Let @ < k be the least ordinal such that S, = . If such an ordinal does
not exist then let &« = x. We show by induction on 8 < « that either L Cg Sg or
(Fy<pB) Ly S,.

* For 8 = 0, we have that Sy = |_|0 S. Since L C S by definitionof C, L &y S
also holds. Then lemma implies that L T .Sp.

* Let # > 0 and suppose our claim holds for any ordinal < (. If there exists
~v < B such that L C, S, we are done. Otherwise the induction hypothesis
implies that (Vy < §) L &, S,. Since (Vy < ) L £, S, it holds that
(Vy <B)L =, S, =, Sp. Since # < a we have that Sg # 0 and S =[5 Sp.
Since L & & and Sg € S it holds that L T Sg. Now let A € Sg. By the
definition of Sg, we have that for all v < 5, A =, S,. Since S, =, Sg it is
implied that A =, Sg. Thensince L =, Sg, we have that L =., A and thus since
L C Sg itis implied that L Tg Sg. Finally lemma 2228 implies that L Cg Sg.

To conclude the proof we observe the following. If (3y < «) L T, S, then
since S, =, S, we have that L. T S,;.. Otherwise our previous claim suggests that
(VB < a) L Eg Sp where So = /\4_,, S3. We have previously proved that for any
y<B<a S, =, S;and S5 < S, hold. By lemma .31 we have that L C S,,.
Since S, = 0 it holds that S, = S,; and thus L C S,.. O

We will denote the greatest lower bound of S under C by [ |S. Thus we define the
(generalized) lexicographic intersection with respect to = as follows:

Definition 2.33. Lexicographic intersection. Let S C X be a set of lexicographic sets.
We define the lexicographic intersection of S to be the greatest lower bound [ |S of S
under C.

Remark. As in the case of A\, if S = 0 then S, = So = Az, Ss = A\ 0. As before
(Vz € X) (\V/S)(z) = T, since by definition of glb we have that glb ) = F,. Again
this coincides with classical set theory.

Example 2.34. Using k, X and S as in example 2.2, the sequence (Sa)a<w is defined
as follows. For each o < wwehave S, = {4, € S| a <n}and S, = {{a, Fot1)}.
Then | |S = Sy =V yew, Sa = {{a, lub{Thi1 | @ < w})} = {{a,0)}.
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2.5. RELATIONSHIP BETWEEN THE LEXICOGRAPHIC UNION AND
INTERSECTION

2.4.3 Relationship between the two

In this subsection we determine the relationship between A S and []S for a given set
of lexicographic sets S, in the same sense as in the previous section. We prove the
equivalent lemmas.

Lemma 2.35. Let S C X be a set of lexicographic sets. Then:

As<s

Proof. Let (Sa)a<x be the sequence of lexicographic sets such that [ 1S = S, =
Nacr Sa. We prove that (Vo < k) AS < S,. For a = 0 our claim holds (the
proof is similar to the induction step). Let 0 < a < & be an ordinal such that (V5 <
a) AS < Ss. We distinguish cases:

* Sq =[], Sa. Initially it holds that (V8 < «) Sg =g S,. Thus let § =
order (S, (z)) for any z € X such that order (S, (z)) < a. Then (A S)(x) <
Sg(xz) = Sa(x) which holds by the hypothesis. Now let x € X such that
order(Sqy(z)) > a. We distinguish cases:

Sa(z) = T,. Then by definition of [, it holds that (VA € S,) A(x) =
T,. It also holds that S, C S and thus (VA € S,) AS < A. So
(VS)(z) < Sa(x) holds.

S

o(x) = F,. Then by definition of [ ] , it holds that (3A € S,) A(z) =
F,. Again since A\ S < A it is implied that (\/ S)(z) < Sa(z).

— Sa(x) = Toy1. Then by definition of [ ], it holds that (VA € S,) A(x) #
F, and (3A € S,) A(z) # T,. Let B € S, such that B(z) # T,.
By definition of S, it holds that (V5 < «) B =g Sg =g S, and thus
order(B(z)) > «. Since B(z) # T, and B(z) # F,, it is implied that
Foi1 < B(x) < Tay1. Since A S < Bitholds that (A S)(z) < Sa(z).

* Sa = Np<qo S By the hypothesis it holds that (V8 < o) AS < Sg. By the
definition of A it holds that A S < S,,.

In any case it holds that A S < S,,. Thus it holds that (Voo < k) A S < S, and again
by the definition of A it is implied that \/ S < S,, =[]S. O

Lemma 2.36. Let S C X be a set of lexicographic sets. Then:
AS<TTs
Proof. By lemmaR.33, A S <[]S. Then lemma impliesthat A\SC[]S. O

Remark. Just as in the case of the union, A S = []S does not hold in general. For
example, let X = {a,b} and S = {A, B}, where A = {{(a, F1),{(b,Tp)}, B =
{{a,Tp), {b,T1)}. Then A S = {{(a, F1), (b,T1)} while [ |S = {{(a, 1), (b, T1)}.

2.5 Relationship between the lexicographic union and
intersection

We prove the following simple lemma.
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Lemma 2.37. Let S C X be a set of lexicographic sets. Then:

Nscls

Proof. Let A € S. Ttholds that[|S © A while A C | |S. By lemma , the relation
C is a partial order. Thus C is transitive. By transitivity of C, [ ]S C | |S holds. O

The above trivial property, was of course expected to hold.
In the next section we introduce a definition for the complement of a lexicographic
set along with some properties.

2.6 Complement operation

We start with some basic definitions.

Definition 2.38. Let A, B € X be lexicographic sets. Then:
« AV B =\/{A, B} and similarly AU B = | |{A, B}.
« ANB = A\{A, B} and similarly A1 B =[|{A, B}.
We also define the following two lexicographic sets.

Definition 2.39. We define T (respectively L) as follows: Let x € X. Then T (z) =
To (respectively L(z) = Fyp).

Lemma 2.40. T (respectively L) is the maximum (minimum) element with respect to
the subset relation <.

Proof. Let A € X be a lexicographic set. Let x € X. By the ordering of the truth
values in V, we have that A(z) < Ty = T(z). Thus A < T. Symmetrically, L(z) =
Fy < A(x). Thus L < A. O

Lemma 2.41. T (respectively L) is the maximum (minimum) element with respect to
the subset relation C.

Proof. Let A € X be a lexicographic set. By lemma R.40, A < T. Then lemma
implies that A T T. In the same way | T A also holds. O

2.6.1 Complement definition

Ideally we would want to introduce a definition for the complement operation that nat-
urally generalizes common properties that hold in the classical case.

Let A € X be a lexicographic set. We symbolize its complement with A. Some
basic properties include:

|

T
1

=
I

—~

A)=A

If we want these properties to hold then defining the complement is straightforward.
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Definition 2.42. Lexicographic complement. Let A € X be a lexicographic set. Let
x € X. Then:

It is trivial to show that the above properties hold.

2.6.2 Properties with respect to the point-wise relation

In this subsection we determine whether two other basic properties hold. Namely,
c AVA=T
c ANA=1

with respect to the subset relation <.

In the context of lexicographic sets we can actually prove that the following strictly
more general properties. Let A € X be a lexicographic set. We define the lexicographic
sets AT and A, as follows. Let z € X. Then:

- B Forder(A(x)), otherwise

and

(o) = {o, If A(z) = 0

Torder(A(z)), Otherwise

We now prove the following lemma.
Lemma 2.43. Let A € X be a lexicographic set. Then A VA=Atand ANA=A,.

Proof. Letz € X such that order(A(z)) = a < k. Either A(z) = T, or A(z) = T,.
By definition (4 V A)(z) = lub{A(z), A(z)} = T,. Also either A(z) = F, or
A(x) = F,. By definition (A A A)(z) = glb{A(z), A(x)} = F,. Letz € X such
that order (A(z)) = k. Then trivially (A V A)(x) = 0 and (A A A)(z) = 0. O

Remark. Note that the lexicographic set A+ may not coincide with T while A; may
not coincide with L. This is a property that strictly generalizes the classical properties
where AU A = U and AN A = () for a classical set A in some universe U.

In the context of lexicographic sets another classical property can be strictly gen-
eralized. In the classical case it holds that ) C () = U for some universe U. For any
other arbitrary set A, where A # () and A # U, it holds that A Z Aand A Z A. Thus
the property A C A holds only for a single set, namely the empty set. However the
following lemma holds in the context of lexicographic sets.

Lemma 2.44. There exists a collection A of lexicographic sets with cardinality at least
K, such that for any A € A it holds that A < A.

Proof. Leta < £ be an ordinal. Then we define a lexicographic set A,, as follows. For
any x € X, Ay (z) = F,. Now let A = {A, | @ < k}. Observe that A, < A, holds.
Also trivially the cardinality of A is k. O
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2.6.3 Properties with respect to the lexicographic relation

As in the previous subsection we determine whether the following properties hold,
c AUA=T
c AMA=1

with respect to the subset relation C.

As with the relation <, we can actually prove that the following strictly more general
properties. Let A € X be a lexicographic set. We define the lexicographic sets A+ and
A | as follows.

Let x € X and p < & be the least ordinal such that A#u # (). Then:

Ty, If order(A(x))

0, If order(A(z))

At(z) =  A(z), Iforder(A(xz)) >pand A=, At
A(x), Iforder(A(z)) A

F, 41, otherwise

Symmetrically,

F,, If order(A(z)) = p < k
0, If order(A(z)

Ay (z) = ¢ A(z), Iforder(A(z)
A(x), Iforder(A(x)

T,.+1, otherwise

:Iu:[{
>pand A=, A,
>pand A=, A

We now prove the following lemma.
Lemma 2.45. Let A € X be alexicographic set. Then ALIA = At and ANA = A, .

Proof. We prove that A LI A = At. Let (Sa)a<s be the sequence of elements such
that S, = A LI A. Initially we know that for any 3 < a, Sg =5 S, and Sg < S,. We
prove that A LI A = A+ by showing that (Yo < k) S, =, AT. We prove our claim
by induction on o < k.

Let o < p < & and suppose that for any 5 < «, Sg =g At. By definition of
A+ we have that S5 =5 A. By definition of 1 we also have that A =5 A. Thus the
definition of S,, implies that S, = {A, A}. Then S, = L, Sa. Since A =, A the
definition of | |, implies that S, =, A. Since A =, At we have that S, =, A~.

Let « = p < & and suppose that for any § < «, Sz =g At. By definition
of At and y, for any 3 < « we have that S3 =g A = A. Then by definition
of So, So = {A4,B} and S, = ||, Sa. It suffices to show that S,#a = At#a.
Observe that A (x) = T, iff order(A(z)) = a iff A(x) = T, or A(z) = T, iff
(3B € S,) B(x) =T, iff So(x) = T,. This is implied by the definition of || . Thus
So =a AT.

Let 4 < oo < k and suppose that for any 8 < a, Sz =3 AT. We distinguish cases:

* Sy # 0. Then either A € S, or A € S, but not both since A #, A. Also
Sa =, S. In the first case, by the definition of | |, trivially S, =, A. By the
induction hypothesis S,, =, At and since S, =, A we have that A+ =, A.
Then the definition of A+ implies that A+ =, A. Similarly when A € S,,.
Finally S, =, At holds.
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S, = 0. Thenlet 3 = u + 1. Observe that 8 is the least ordinal such that
S = 0. This holds since by definition of x and the complement, A #,, A.
This implies that S5 = {A} or S5 = {A} or S = (). Observe that if Sg is a
singleton then S, = Sg. Thus Sg = 0. Since for any v < p, S, < S, then
S, = \/ﬂ<a Sg = S,. By the definition of l—lu’ the definition of At and the
induction hypothesis, if « = § we have that S, =, A+. Otherwise we have that
Sotta = At#a = (). In any case S, =, AT holds.

Thus (Voo < k) Sq =o AT. Since (Va < k) So =q Sk we have that ALIA = A+,
The proof for AN A = A, is symmetrical and is omitted. O

Remark. Note that as in the case of the point-wise relation, the lexicographic set A+
may not coincide with T while A; may not coincide with L. This is a property that
strictly generalizes the classical properties where AU A = U and AN A = () for a
classical set A in some universe U.

As in the case of the point-wise relation, the following lemma also holds with respect
to the lexicographic subset relation.

Lemma 2.46. There exists a collection A of lexicographic sets with cardinality at least
K, such that for any A € A it holds that A C A.

Proof. Define A as in the proof of lemma P.44. O

In the next section we prove equivalent laws for this context to De Morgan laws in
classical set theory.

2.7 De Morgan Laws

In this section we prove equivalent laws to De Morgan laws for the two subset relations
we have defined.

Let & C X be a set of lexicographic sets. For what follows in this section, Sis
interpreted as S = {A | A € S}.

2.7.1 De Morgan laws with respect to the point-wise relation

Let F, =T,and T, = F,. Alsoif W C V then W = {v | v € W}. We first prove
the following lemma.

Lemma 2.47. Let W C V be a subset of the set of truth values. Then:
lwbW=1glbW =1

Proof. We first show that k is an upper bound of W' if and only if k is a lower bound
of W. Letv € W. We know that v < k. We distinguish cases:

* Suppose that k = F,, for some o < k. Then k = T},.

- If

v = Fp for some 3 < a. Then v = T}3. By the ordering of truth values
kE<w.

* Suppose that k = 0. Then k = 0.
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— If v = Fj for some 3 < k. Then v = Tp. By the ordering of truth values
k<w.
— Ifv = 0. Then T = 0 and trivially k& < .
* Suppose that k = T, for some o < x. Then k = F,.

— Ifv = Tp for some o < 8 < k. Thenv = Fp. By the ordering of truth
values k < w.
— If v = 0. Then T = 0. By the ordering of truth values k < 7.

— If v = Fj for arbitrary 8 < . Then v = Tj. Trivially k < v.

Next we prove that lub W =1 < glb W = 1. Letl = lub W. If | € W then trivially
leWandl=glbW.

Suppose now that [ ¢ W. From the previous claim we have that [ is a lower bound
of W. Suppose to the contrary that glb W # 1. Let g = glb W. Then it must hold
that | < ¢g. From the previous claim § must also be an upper bound of . This is a
contradiction since [ = lub W while g < [.

For all the statements above, the other direction is symmetrical. [

We can now proceed with the main lemmas.
Lemma 2.48. Let S C X be a set of lexicographic sets. Then:
Vs=As
Proof. Letz € X. (\VS)(z) = T, if and only if (\/S)(z) = F, if and only if
lub{A(z) | A € S} = F, if and only if (holds using lemma R.47) glb{B(z) | B €

S} =T, ifand only if (A S)(x) = T,. In exactly the same way, (\/ S)(z) = F, if
and only if (A S)(z) = F,, and (\/ S)(z) = 0 ifand only if (A S)(z) = 0. O

Lemma 2.49. Let S C X be a set of lexicographic sets. Then:
As=VS

Proof. Consider the complement of \/ S. By lemma W = A S. By the comple-
ment's definition A S = \/ S holds. O

2.7.2 De Morgan laws with respect to the lexicographic relation
In this subsection we prove the equivalent lemmas for the T subset relation.

Lemma 2.50. Let S C X be a set of lexicographic sets. Then:

(51
Proof. Let (S4)a<x be the sequence of elements such that| |S = S, =V
(Ua)a<x be the sequence of elements such that [1S = U, = A, . Ua.
First we show that (Vo < k) S, = U,. We prove the previous claim by induction
on a.
Let v = 0. We have that Sp = S and Sp = | |, So. Also Uy = Sand Uy = [ o Uo-
By complement's definition So = Uy. Let z € X. We have that So(z) = Tp iff

S, and

a<k
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(E'A € So) A(I’) = TO iff (E'B S L{O) B(II?) = FO iff Uo(IL') = Fo. Also So(I) = F()
Fg+1iﬁ(VA.eé%)fo)7éIband(3A.€é%)fo)7é}%iﬂ(V£3€ZAﬂ.B(x)¢§Fb
and (3B € Uy) B(x) # Ty iff Up(x) = Thy1. Thus by complement's definition,
Sy = Up holds.

Let 0 < a < k and suppose that our claim holds for all 5 < «. First we show
that S, = U,. We have that A € S, iff (V8 < a) A =4 Sg and A € S iff (by the
induction hypothesis) (V3 < o) A =5 Ugs and A € S iff (by complement's definition)
(V8 < a) A =5 Ugand A € Siff A € U,. Thus S, = U,. Now we show that

So = U,. We distinguish cases:

© So =Uy, # 0. Then S, = | |, S, and U, = [],Us. Since Sg = S, and
Us =p U,, by the induction hypothesis it holds that S, =g U, for all 8 < a.
Then by the definition of | |, and [],, it suffices to show that S, #a = U,#« and
So#(a+ 1) = Us#(a + 1). Since S, = U, the proof of the induction base
applies directly.

* Sa = Uq = 0. Then S, = V4, Sp and Ui: Np<ao Us. Using leEma
and the induction hypothesis we have that S, = \/4_, S = Aso S5 =
/\5<a Ug =U,.

Thus (Vo < K) T = Y, holds. Finally using lemma we derive that:

Ls=V sa= ASi= Av.=T]3

a<k a<k a<k

Lemma 2.51. Let S C X be a set of lexicographic sets. Then:
[s=]]S

Proof. Consider the complement of | | S. By lemma ]S =[1]S. By the comple-
ment's definition [ ]S = | | S holds. O

2.8 Binary union and intersection properties

In this section we examine whether more classical properties of the union and inter-
section of lexicographic sets hold. First we simplify the binary union and intersection
definitions.

We prove the following lemmas.

Lemma 2.52. Let A, B € X be two lexicographic sets. Let x € X. Then:
(AV B)(x) = max{A(x), B(x)}

Symmetrically,
(A A B)(z) = min{A(x), B(z)}

Proof. Directly implied by definition and the definitions of \/ (see definition R.16)
and A (see definition R.25). O
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Lemma 2.53. Let A, B € X be two lexicographic sets. Let ;1 < & be the least ordinal
such that A #,, B. We define the lexicographic sets U and I as follows. If u exists, let
z € X. Then:

A(z), Iforder(A(x)) < p

T, reA||T,UB|| T,

Uz) = Ey, v €Al Fu,NBI|F,
A(z), Iforder(A(z))>pand A=,U
B(z), Iforder(B(z)) > pand B=,U
F, 11, otherwise

and

A(x), Iforder(A(z)) < p
T, 2e€A|T,NB|T,

I(z) = Ey, z€A|F,UB| F,

A(z), Iforder(A(xz)) > pand A=, I
B(xz), Iforder(B(x)) > pand B=, I
T,+1, otherwise

Else If pt does not existthen U = = A= B. Then AUB =Uand AT1 B = 1.

Proof. First if u does not exist then trivially AUB = ANMB=A=B=U = 1.
Suppose that p exists. Let (S, )<« be a sequence of lexicographic sets as in definition
TR such that S, = A LU B. We prove that A LU B = U by showing that (Vo <
k) So =a U.

Initially we know that for any 8 < a, Sg =g S, and Sz < S,. We prove our claim
by induction on o < k.

Let o < p and suppose that for any 3 < «, Sg =g U. By definition of U we have
that Sg =3 A. By definition of 1« we also have that A =g B. Thus the definition of S,
implies that S, = {A, B}. Then S, = | |, Sa. Since A =, B the definition of | |,
implies that S, =, A. Since A =, U we have that S, =, U.

Let o = 1 and suppose that for any 8 < «, Sz =g U. By definition of U and p,
for any 5 < « we have that Sg =3 A = B. Then by definition of S, So = {A, B}
and S, = ||, Sa. It suffices to show that S,#a = U#a. Observe that U(z) = T, iff
2 E€A||ToUB || Ty iff (3B € 8y) B(x) = Ty iff So(z) = Ty. Also U(z) = F, iff
x €A FoNB || Ty iff (VB € S,) B(z) = F, iff So(z) = F,. Both are implied
by the definition of | | . Thus S, =, U.

Let 1 < oo < & and suppose that for any 5 < «, Sg =g U. We distinguish cases:

* Sy # 0. Then either A € S, or B € S, but not both since A #, B. Also
Se = ||, S- In the first case, by the definition of | |, trivially S, =, A. By
the induction hypothesis S,, =, U and since S,, =, A we have that U =, A.
Then the definition of U implies that U =, A. Similarly when B € S, . Finally
So =« U holds.

* S, = 0. Thenlet 8 = p+1. Observe that 3 is the least ordinal such that Sg = (.
This holds since by definition of y1, A #,, B. This implies that Sg = {A} or
Sz = {B} or S3 = (). Observe that if Sg is a singleton then S, = Sg. Thus
Sp = (. Since for any v < p, S, < S, then S, = \/ﬂ<a Sg = Su. By the
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definition of | | ,.» the definition of U and the induction hypothesis, if o« = § we
have that S, =, U. Otherwise we have that S,#a = U#ta = (. In any case

S. =« U holds.
Thus (Vo < k) S, =4 U. Since (Vo < k) Sy =4 Sk we have that A LI B = U. The
proof for AM B = [ is symmetrical and is omitted. O

We continue by studying some classical properties.

2.8.1 Properties of the point-wise definitions
Lemma 2.54. Let A, B,C € X be lexicographic sets. Then:
AV(BVC)=(AvB)vC and AAN(BAC)=(AANB)ANC
Proof. Letx € X. From lemma 252 we have that:
(AV(BV C))(x) = max{A(x), (BV O) ()}

— max{A(x), max{B(x), C(x)}}
= max{A(z), B(z),C(z)}
= max{max{A(z), B(z)},C(z)}
=max{(AV B)(z),C(z)}
=((AVB)VvC)(x)

The proof for (AN (BAC))(z) = ((AA B) AC)(z) is symmetrical. Thus the desired
properties hold. O

Lemma 2.55. Let A, B € X be lexicographic sets. Then:
AvB=BVA and AANB=BAA
Proof. Directly implied by lemma 2.52. O
Lemma 2.56. Let A, B, C € X be lexicographic sets. Then:
AV(BANC)=(AVB)AN(AVC) and AAN(BVC)=(AANB)V(ANC)
Proof. Let z € X. First observe that
min{ B(z), C(xz)} < max{B(x),C(z)}
holds and it in turn implies that
max{A(z), min{B(x),C(z)}} < max{A(x), max{B(x),C(z)}}
Then using lemma we have that:

((AVB)A(AVC))(z) =min{(AV B)(z),(AV C)(z)}
= min{max{A(x), B(z)}, max{A(z), C(z)}}
= min{max{A(z), min{B(z), C(z)}},
max{A(z), max{B(z),C(z)}}}
= max{A(z), min{B(z),C(z)}}
= max{A(z), (BAC)(z)}
— (AV (BAC))(x)
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Thus AV (BAC) = (AV B)A(AV C) holds. We can prove the second identity in a
symmetrical way. O

Lemma 2.57. Let A € & be a lexicographic set. Then:
AvVv1li=A and ANT=A

Proof. By lemma R.40, | is the minimum element with respect to < and thus 1 < A.
Since we have defined V as the least upper bound with respect to < it is implied that
Av1=A

Symmetrically, T is the maximum element with respect to < and thus A < T.
Since we have defined A as the greatest lower bound with respect to < it is implied that
ANT = A O

Lemma 2.58. Let B € X be a lexicographic set. Then if, forall A € X, AV B = A,
then B = 1. Additionally if, forall A € X, AANB = A,then B=T.

Proof. Let A € X. Since AVB=A(AANB = A)andV (A) is the lub (glb) with
respect to < it is implied that B < A (A < B). Then it is implied that for all A € X,
B < A(A < B). Then it holds that B < 1 (T < B). By lemma 2.4( it also holds
that L < B (B < T). Since < is antisymmetric it holds that B = 1 (B = T). O

Lemma 2.59. Let A, B € X be lexicographic sets. If there exists a C' € A" such that
AVB=Cand AN B =C,then B = A.

Proof. Let z € X. Then using lemma we have that max{A(x), B(x)} = C(z)
and min{A(x), B(z)} = C(z). This directly implies that B(z) = A(z). By the
complement's definition we have that B = A. O

Remark. Lemma generalizes the classical property when C = T and C' = L.
Lemma 2.60. Let A € X be a lexicographic set. Then:

AVA=A and ANA=A
Proof. Directly implied by lemma R.52. O
Lemma 2.61. Let A € X be a lexicographic set. Then:

AvT=T and ANLl=1

Proof. By lemma .40, T is the maximum element with respect to < and thus A < T.
Since we have defined V as the least upper bound with respect to < it is implied that
AvT=T.

Symmetrically, L is the minimum element with respect to < and thus | < A.
Since we have defined A as the greatest lower bound with respect to < it is implied that
ANL =1, O

Lemma 2.62. Let A, B € X be lexicographic sets. Then:
AV(AANB)=A and AAN(AVB)=A

Proof. Letz € X. By lemma .53 we have that (AV (AA B))(z) = max{A(z), (AN
B)(z)} = max{A(z),min{A(x), B(x)}}. Observe that whether A(x) < B(x) or
B(z) < A(z), (AV (AA B))(z) = A(x). Thus AV (A A B) = A. Symmetrically
AN (AV B) = Aholds as well. O
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Lemma 2.63. Let A, B € X be lexicographic sets. Then:
AVB=AANB and AANB=AVB

Proof. Directly implied by lemmas and R.49. O

Lemma 2.64. Let A, B € X be lexicographic sets. The following statements are
equivalent:

1. A<B
2. ANB=A
3. AVvB=B

Proof. 1 implies 2. Assume that A < B. Then A A B = A is directly implied since
we have defined A as the greatest lower bound with respect to <.

2 implies 3. Assume that AAB = A. Then AV B = (AAB)V B = B by lemma
2.62.

3 implies 1. Assume that A V B = B. Then since A < AV B we have that
A<B. O

2.8.2 Properties of the lexicographic definitions
Lemma 2.65. Let A, B, C € X be lexicographic sets. If A = C and B C C then,

AUBLCC
Alsoif C C A and C C B then,
CCANB

Proof. Since we have defined U as the least upper bound with respect to C it implied
that, AL B C C.

Symmetrically, since we have defined ' as the greatest lower bound with respect to
C, it is implied that C C AN B. O

Lemma 2.66. Let A, B, C € X be lexicographic sets. Then:
AUBUC)=(AuB)UC and AN(BNC)=(AnB)Nnc

Proof. We prove the first property. The proof for the other one is symmetrical.

First we trivially have that AC AU (BUC)andthat BUC C AU (BUC). We
also have that B C BLIC and that C C BUC. Since C is transitive, B C AL (BUC)
and C C AU (BUC) hold. Using lemma we getthat ALUBC AU (BUC) and
with another iteration that (AU B)UC C AU (BUC).

Next we have that ALUB C (AU B)U Candthat C C (AU B) U C. We also
have that A C ALl B and that B T A U B. Since C is transitive, A T (AU B)UC
and B C (AU B) UC hold. Using lemma .63 we get that BLUC C (AU B) LU C and
with another iteration that AL (BUC)C (AU B)UC.

Since C is antisymmetric it holds that ALJ (BUC) = (AU B)UC.

O
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Lemma 2.67. There exists a universe X and lexicographic sets A, B, C' € X such that:
AU(BNCO)# (AUuB)N(AUC) and AN(BUC)# (ANB)U(ANCO)
Proof. Let X = {a,b,c,d,e}. Then let:

A= {<a,TO>a <baT0>7 <C7F0>a <d’F0>7 <65T2>}
B = {<a>T0>v <b,F0>, <ch0>= <d7F0>7 <€7T3>}
C= {<avT0>v<baF0>a<07F0>7<d7T0>7<eaT4>}

Then:
BncC = {<CL,T0>, <baF0>a <C7F0>7<d7 F0>7<67T1>}
AU (BHO) = {<aaT0>’ <b,T0>,<C, F0>7 <d7F0 a<€aT2 }

Also:

AUB= {<CL7T()>, <b7 T0>7 <C, T0>7 <d7 FO>7 <€, F1>}

AuC = {<a7TO>7 <ba T0>7 <Ca F0>3 <d7 T0>7 <67 F1>}

(A U B) M (A U C) = {<CL, 0>7 <baT0>7 <Ca F0>a <d7 F0>a <€,T1>}
Observe that AL (BN C) # (AU B) M (AU C). Also by complement's definition
it also holds that AL (BN C) # (AUB) M (AUC). By lemma we have that
AU(BNC)=An(BNC)=An(BuC)and (AUB)MN(AUC)=(AUB)U
(AU C) = (AN B) U (ANC) Thus the second claim also holds. O

Remark. Unfortunately lemma implies that the classical distributive laws do not
apply in general for the lexicographic union and intersection.

Nevertheless the following lemma does hold.
Lemma 2.68. Let A, B, C € X be lexicographic sets. Then:
AU(BNC)C(AUB)N(AUC) and (ANB)U(ANC)C AN(BUCQC)

Proof. We first prove that AL (BN C) C (AU B)MN(AUC). It holds that A C
AU B,AUC. Then lemma implies that A C (AU B)M(AUC). Also B C
AUBand C C AUC. Since BN C C B,C by transitivity of C, we have that
BrCC AUB,AUC. Then lemma R.63 implies that BN C C (AU B) M (AU C).
By applying lemma once more, we getthat AL (BMNC)C (AUB)M(AuC).

In a similar fashion we prove that (AN B) U (AN C) C AN (B UC). It holds
that AN B, AN C C A. Then lemma implies that (AT B) U (AT C) C A. Also
AMBE Band ANC C C. Since B,C C B U C by transitivity of C, we have that
AMNB,ANC C BUC. Then lemma R.63 implies that (AN B)U(ANC) E BUC. By
applying lemma once more, we get that (AN B)U(ANC)C An(BUC). O

Lemma 2.69. Let A, B € & be lexicographic sets. Then:
AUB=BUA and ANMB=BNA
Proof. Directly implied by lemma 2.53. O
Lemma 2.70. Let A € X be a lexicographic set. Then:
AUl =A and ANT=A
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Proof. By lemma .41, 1 is the minimum element with respect to C and thus | C A.
Since we have defined U as the least upper bound with respect to C it is implied that
AUl =A

Symmetrically, T is the maximum element with respect to C and thus A C T.

Since we have defined M as the greatest lower bound with respect to C it is implied that
ANT = A O

Lemma 2.71. Let B € X be a lexicographic set. Then if, forall A € X, AU B = A,
then B = 1. Additionally if, forall A € X, ATTB=A,then B=T.

Proof. Let A € X. Since ALUB = A(AN B = A) and U (M) is the lub (glb) with
respect to C it is implied that B = A (A C B). Then it is implied that for all A € X,
BC A(ALC B). Thenitholdsthat BC 1 (T C B). By lemma it also holds
that L C B (B C T). Since C is antisymmetric it holds that B = 1 (B =T). O

Lemma 2.72. Let A, B € X be lexicographic sets. f ALUB =T and ANB = 1,

then B = A.

Proof. First observe that if A = B then lemma .53 implies that A LI B =y AN B
which of course cannot hold. Then A #; B must hold. Since ALI B = T, lemma
impliesthat A || ToUB || To =X and A || FoN B || Fy = 0. Alsosince ANB = 1,
lemma R.53 implies that A || [y UB || Fo = X and A || To N B || Tyo = 0. Also
trivially A || To N A || Fo = 0and B || ToN B || Fy = 0. Letz € X. Then
x € A||ToUB || Toandz € A || Fo U B || Fo. So we have thatz € A || Tp
iffo ¢ B||Toanda ¢ A || Foiffx € B || Fy. Symmetrically, z € A || Fp
iffc ¢ B|| Fhanda ¢ A || Ty iffx € B || Typ. Thus B || Tp = A || Fo and
BHF():AHTQ AlSOAHT()UA||F0:XandB||TOUB||F0:X. Thus
B=A. O

Remark. Lemma cannot be generalized in the same fashion as lemma R.59. Con-
sider the following counterexample. Let A = {(a,Ty), (b, Fo), {c, F1)} and B =
{<a,F0>, <b, T()>, <C, F1>} Then AU B = {<G7T0>, <b, T0>, <C7 F1>} and AN B =

{{a, Fy), (b, Fy), {c,T1)}. Observe that ALl B = A Bbut B # A.

Lemma 2.73. Let A € X be a lexicographic set. Then:

AUA=A and ANA=A
Proof. Directly implied by lemma 2.53. O
Lemma 2.74. Let A € X be a lexicographic set. Then:

AUT=T and ANL=1

Proof. By lemma .40, T is the maximum element with respect to C and thus A C T.
Since we have defined U as the least upper bound with respect to C it is implied that
AUT=T.

Symmetrically, | is the minimum element with respect to C and thus | C A.
Since we have defined 1 as the greatest lower bound with respect to C it is implied that
ANl =1. O

Lemma 2.75. Let A, B € X be lexicographic sets. Then:
AU(ANMB)=A and AN(AUB)=A
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Proof. f AC Bthen AMB = Aand AU A = A. Suppose that A [Z B. Let
be the least ordinal such that A #, B. Then A Z,, B. By definition of C,, either
AT, ¢ B||T,orA||F, 2 B F,. Trivially A || T,NB || T, C A|| T, and
A F,UB| F,2A| F,

IfA || T, ¢ B || T, then there exists an € A || T), such that z ¢ B || T),.
Thus A || T, NB || T, C A||T,. Elseif A || F, 2 B || F, then there exists an
x € B|| Fysuchthate ¢ A|| F,. Thus A || F,UB || F, D> A || F,. In either
case by definition of T, we have that AT1 B C, A. By lemma we have that
AU(ANB)=A.

The proof of the second property is symmetrical. A shorter proof can be obtained
using the fact that U (1) is defined as the least upper bound (greatest lower bound). [J

Lemma 2.76. Let A, B € X be lexicographic sets. Then:
AUB=ANB and ANB=AUB

Proof. Directly implied by lemmas and .51]. O

Lemma 2.77. Let A, B € X be lexicographic sets. The following statements are
equivalent:

1. ACB
2. ANB=A
3. AUB=B

Proof. 1 implies 2. Assume that A C B. Then AM B = A is directly implied since
we have defined ' as the greatest lower bound with respect to C.

2 implies 3. Assume that AN B = A. Then AUUB = (AN B)U B = B by lemma
R.73.

3 implies 1. Assume that A Ll B = B. Then since A C A LI B we have that
ALCB. O
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CHAPTER 3

LA MODEL INTERSECTION THEOREM FOR LOGIC
PROGRAMS

Before proceeding with the main theorem of this chapter, we first compactly present
the necessary definitions from the infinite-valued semantics of [].

3.1 Infinite-Valued Semantics

Definition 3.1. A normal program rule is a rule with an atom as head and a conjunction
of literals as body. A normal logic program is a finite set of normal program rules.

The infinite-valued treatment follows a common practice which dictates that instead
of studying finite first-order logic programs it is more convenient to study their, possibly
infinite, ground instantiations [2].

Definition 3.2. If P is a normal logic program, its associated ground instantiation P*
is constructed as follows: first, put in P* all ground instances of members of P; second,
if arule A < with empty body occurs in P*, replace it with A < true; finally, if the
ground atom A is not the head of any member of P*, add A < false.

Notice that, by construction, P* is a propositional program. Since the Herbrand
Base of normal logic program is countable, P* has a possibly infinite but countable
number of rules. In the rest of this chapter we assume that we study programs that
are propositional and have a countable number of rules. Since we are dealing with
propositional programs, we often talk about "propositional atoms" and "propositional
literals" that appear in the rules of a program.

Definition 3.3. An (infinite-valued) interpretation I of a program P is a function from
the set of propositional atoms of P to V.

Observe that in our context, an infinite-valued interpretation, is a lexicographic set
in the set of propositional atoms of P.

Definition 3.4. Let I be an interpretation of a program P. Then, I can be extended as
follows:
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* For every negative atom ~ p appearing in P:

Tot1, ifl(p)=F,
I(~p) = Fatr, ifI(p)=Ta
0, ifI(p)=0
* For every conjunction of literals /1, . .., [,, appearing as the body of a rule in P:

I(ly, ..., 1) = min{I(ly), ..., I(I,)}

Moreover, I(true) = Tj and I(false) = Fy.
Finally, the notion of satisfiability of a rule can be defined as follows:

Definition 3.5. Let P be a program and [ an interpretation of P. Then, I satisfies a
rule p < ly,...,l, of Pif I(p) > I(ly,...,l,). Moreover, I is a model of P if T
satisfies all rules of P.

3.2 Model Intersection Theorem

For all that follows in this section, let P be a program. Let X be the set of propositional
atoms of P. Then X is the set of all interpretations of P. Let M C X be the set
of models of P. First observe that M # () since T is trivially a model of P. Also
let N/ C M be an arbitrary non-empty set of models of P. Finally let (S,)a<x be a
sequence of lexicographic sets as in definition such that S,, = [|N.

Lemma 3.6. Let o < « be an ordinal. If S, # @) then S, € M (i.e. S, is a model of
P).

Proof. Since S, # 0, So = [],Sa. Next we prove that S, is a model of P. Let
p < B be a clause of P. We demonstrate that S, (p) > S, (B). We distinguish cases
on the value of S, (p):

* Sa(p) = Fp, where 8 < «. Then there exists a model M € S, such that
M (p) = Fp. Since M is a model of P we have that M (p) > M (B). Thus there
exists a literal [ € B such that M (1) < Fg. If] = ¢, for some propositional atom
¢, then M (q) < Fj and by definition of [ ], M (¢q) = Sa(¢) and our claim holds.
Otherwise if [ =~ g, then it must be that M (g) > T} and again by definition of
[1.> M(q) = Sa(q) and our claim holds.

* Sa(p) = Tp, where § < «. Then for any model M € S, we have that
M (p) = Tp. Since M is a model of P we have that M (p) > M (B). Thus
there exists a literal [ € B such that M (I) < Tp. Now either [ = gorl =~ g¢.
If order(M(q)) < « then M(q) = S,(g) and thus M (I) = S,(l) and our
claim holds. Otherwise, if | = ¢, then M(q) = T,. Then observe that it can-
not be that S, (q) > T, and for all other possible values of S, (¢) we have that
Sa(q) € Tog1 < Ty. Ifl =~ g, then F, < M(q) < T,. Again all other
possible values of S, (¢) suffice.

* Sa(p) = To+1. Then by definition of [ ], there must exist a model M € S,,
such that M (p) < T,. Since M (p) > M(B) we have that M (B) < T,. Thus
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a literal | € B exists such that M (1) < T,. If | = ¢ then, M(q) < T,. Then
it cannot be that S, (¢) > T, and any other possible value suffices. If [ =~ ¢
then M (q) > F,. Then it cannot be that S, (¢) < F,. Again any other possible
value suffices.

Thus in any case S, (p) > So(B), so S, € M. O

Lemma 3.7. If o is a limit ordinal and for all 8 < «, Sg # 0 then \z_, S5 € M.
(i.e. A<, Sp is amodel of P).

Proof. Forall B < a, since Sg # (), we have that Sg = []; Sp. Lemma B.4 also
implies that Sg is a model of P. We prove that S, = /5, Sp is a model of P. We
know that for any 8 < a, Sg =g S, and S, < Ss. Let p <— B be a clause of P. We
distinguish cases on the value of S, (p):

* Sa(p) = Fp, where 8 < «. Since Sg =g S, we have that Sg(p) = Fz. Since
Ss is a model of P, Sg(p) > Sp(B). Thus a literal [ € B exists, such that
Ss(l) < Fg. If | = ¢, for some propositional atom g, then Sz(q) < Fj. Then
since S3 =g Sa, Sa(q) < Fp and our claim holds. Otherwise if | =~ ¢, then
it must be that Sz(q) > T. Again since Sg =g Sa, Sa(q) > T and our claim
holds.

* Sa(p) = Tp, where 8 < . Since Sg =g S, we have that Sz(p) = Tp. Since
Sp is a model of P, Sz(p) > Sp(B). Thus a literal [ € B exists, such that
Sg(l) < Tg. Now either | = g orl =~ q. If order(Sg(q)) < S then since
S3 =g Sa, Salq) = Sp(q) and our claim holds. Otherwise by definition of
[ss Sa(q) = Tp+1. Since Sg =5 S, and S, < Sp it is implied that Figq <
Sa(q) < Tpy1. Then it holds that S, (1) < T and our claim holds.

* Sa(p) = Ta (or Sa(p) = 0, if @« = k). Then for all 8 < «, Sz(p) = Tp41.
Consider any 8 < . It holds that Sg(p) > Sz(B). Thus there exists a literal
| € B such that Sg(l) < Tg41. Alsol = gorl =~ ¢ for some ¢ € Bp. By
definition of [ ], if | = ¢ then, either Sg(q) < Fp or Sg(q) = Tj+1, otherwise
if | =~ ¢ then, either Sg(q) = Fp or Sg(q) = Tay1 or Sg(q) > Tp. If there
exists a § < a such that [ = g and Sg(q) < Fgorl =~ g and Sg(q) > T our
claim holds since Sz =3 S,.

Otherwise suppose that for all ordinals 8 < «, it holds that Sg(q) = Tjs+1. Then
observe thatif S(q) = Tjs+1 then forally < 3, by definition of [ ] , it must hold
that S.,(¢) = T+1. This implies that there must exist a common literal [ € B,
for whose corresponding propositional atom g, it holds that Sz(¢) = Tjs4+1, for
all B < k. This in turn implies that S, (q) = glb{Ss(q) | 5 < a} = glb{Tp11 |
B < a} =T, (or 0). Thus our claim holds.

Finally suppose that it is not the case that for all ordinals 5 < «, Sg(q) = Tg41
holds. Then there exists some ordinal 5 < « for which there exists a literal
| =~ ¢ such that Sz(q) = F and Sg(l) < Sg(l’), for any other literal I’ € B.
Now observe that since Sz(q) = Fj then for any ordinal +, such that 8 < =,
since Sg =3 5., it holds that S, (¢) = Fjz and thus S, (p) < S, (I). This implies
that there must exist a different literal I’ such that S (p) > S, (I’). Since each
time this case occurs a literal in B is “‘used up" and B is finite by definition
while between any 5 < « there are at least countably infinite many ordinals,
there must exist an ordinal §, where 8 < § < « such that there exists a literal "/
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and its corresponding atom r, such that Ss(r) = T51. As previously stated this
implies that Sg(r) = Ts4+1. Observe that then Sg(I”) < Sg(I) which contradicts
our assumption.

In any case Sq(p) > Sa(B) and thus /\ 5, Sp is a model of P. O

Theorem 3.8. Let P be a program. Let A/ be an arbitrary non-empty set of models of
P. Then []N is a model of P.

Proof. Let § < k be the least ordinal such that Ss = 0. If such an ordinal does not
exist then let § = k. Then for any ordinal €, such that § < € < k, by definition of S, it
holds that S, = @. Then S, = A So = Ss, since we have previously proved that
forall o < 6, Ss < S,.

If § is a successor ordinal then it is of the form § = ¢’ + 1. Then Ss/ # ) and by
lemma B.4, Ss is a model of P. Then S5 = /\a<§ S, = Ss. Thus S, is a model of P.

If § is a limit ordinal then by the hypothesis, for all o < & we have that S, # (.
Then by lemmaB.7, S5 = A4 Sa is a model of P. Thus S,; is a model of P.

In any case [ [N = S, is a model of P. O

a<K

Corollary 3.9. Let P be a program. Let M be the set of models of P. Then [ | M is
the minimum model of P with respect to the lexicographic subset relation C.

Proof. We have defined [ ] as the greatest lower bound with respectto . Then[ | M C
M. Tt remains to show that [JM € M. But that is directly implied by Theorem B.§,
when N' = M. O
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